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Abstract. We propose a general approach to define behavioural pre-
orders over process terms by considering the pre-congruences induced
by three basic observables. These observables provide information about
the initial communication capabilities of processes and about their possi-
bility of engaging in an infinite internal chattering. We show that some of
the observables—based pre—congruences do correspond to behavioral pre-
orders long studied in the literature. The coincidence proofs shed light on
the differences between the must preorder of De Nicola and Hennessy and
the fair/should preorder of Cleaveland and Natarajan and of Brinksma,
Rensink and Vogler, and on the role played in their definition by tests
for internal chattering.

1 Introduction

In the classical theory of functional programming, the point of view is assumed
that executing a program corresponds to evaluating it. If we write M | v to
indicate that program M evaluates to value v, the problem of the equivalence of
two programs, hence of their semantics, can be stated as follows:

Two programs M and N are observationally equivalent if for every pro-
gram context C' such that both C[M] and C[N] are programs, and for
every value v, we have: C[M] | v if and only if C[N] | v.

An alternative approach, used e.g. for the lazy lambda calculus [1], is that of
defining a simulation (whose kernel is an equivalence) based on the reduction to
normal forms. In general, given a language equipped with a reduction relation,
the paradigm for defining equivalence over terms of the language, can be traced
back to Morris [16] and can be phrased as follows:

1. Define a set of observables (values, normal forms, ...) to which a program
can evaluate by means of successive reductions.

2. Consider the largest (pre—)congruence over the (set of operators of the) lan-
guage induced by the chosen set of observables.

This paradigm has been the basis for assessing many semantics of sequential
languages and is at the heart of the full abstraction problem, see e.g. [18].
Here, we aim at taking advantage of this paradigm also to assess models of
concurrent systems and their equivalences. In this case, the choice of the basic
observables is less obvious. On one hand, it is well-known that input/output
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relations are not sufficient for describing the semantics of these classes of systems,
and thus it would be limitative to use values as observables. On the other hand,
studying the evolution to normal forms under all possible contexts is not as
inspective as in the case of lambda calculus. Indeed, the interaction between a
A—term and the environment is circumscribed, while that between a process and
its environment is less clear.

If we consider the A—term M N, we know the extent of the influence of NV over
M, and, in any computation, we know exactly when an interaction between M
and N occurs, namely when M reduces to a A-abstraction. Thus by observing M
in all possible contexts we can fully understand its behaviour. When considering
concurrent systems, the internal evolution of each parallel component is freely
intermingled with external communications. Then understanding the semantics
of a component via its contextual behaviour turns out to be much less obvious.

Here, we shall consider a simple process description language, TCCS (Tau-
less CCS [7]), and will study the impact of three basic observables for concurrent
systems on this language. However, our results are easily extensible to general
SOS language formats, like GSOS [2].

We shall be interested in testing for the initial guaranteed communication
capabilities of a system. Indeed, when one is willing to infer the interactive
behaviour of a system from its “isolated” behaviour, to know about the system’s
possibility of accepting communications along specific channels is not sufficient:
due to the inherent nondeterminism of concurrent computations, it is necessary
to know whether the acceptance of the communications is guaranteed. This is
essential to establish liveness properties, like the absence of deadlock.

Moreover, we shall be interested in the risk a system has of getting involved in
an infinite sequence of internal communications (to diverge), because this could
lead to ignoring all subsequent external stimuli. Finally, with respect to this, it
might also be important to know the external communications that can lead to
divergent states.

These considerations guide us to introducing three basic observables:

1. P4 (P guarantees £) asserts that, by internal actions, P can only reach
states from which action £ can be eventually performed;

2. P | (P converges) asserts that P cannot get involved in an infinite sequence
of internal actions;

3. Pl L (P converges along () asserts that P converges and does so also after
performing £.

For finite process graphs these observables are obviously decidable; in general,
they are not, but this is somehow expected since the basic language (TCCS) is
Turing powerful.

We shall analyze the impact of the above predicates on the semantics of
TCCS. The predicates naturally induce five contextual preorders. These pre-
orders are listed in Table 1; there we represent a contextual preorder using the
notation 4, <§, , where s; (if present) refers to the used convergence predicate,
and sy (if present) refers to the guarantees one. The universal relation is denoted
by U.
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Our main results are five full abstraction theorems that make it manifest
that our contextual preorders do coincide with well-known and/or intuitive be-
havioural preorders over processes studied in the literature. Table 2 provides a
summary of the claimed results.

More specifically, we will show that:

— =¢, the contextual preorder induced by !/, coincides with EFT , the max-
imal pre-congruence included in the fair/should preorder of [17] and [3].
This pre—congruence can be characterized (see [4]) as the conjunction of
the classical trace preorder (called may preorder in [6]) with the fair/should
preorder;

— 3% and | =<, the contextual preorders induced by | and | ¢, both coincide
with £ | the (reverse) inclusion of the convergent traces preorder, a simple

variant of the trace preorder.

Together with the impact of the three observables used in isolation we also
study the result of their conjunctions and show that:

— =%, the contextual preorder induced by | and !/, coincides with L, the
M

original must preorder of [6, 10];

— =%, the contextual preorder induced by | ¢ and !/, gives rise to a new
preorder, the safe—must preorder ES , which is supported by a very intuitive
testing scenario.

The safe-must preorder has a direct characterization in terms of compu-
tations from pairs of observers and processes: a computation is successful if a
success state is reached before a catastrophic one (this explains the adjective
‘safe’). This notion certainly deserves further investigation.

In the rest of the paper, we recall syntax and operational semantics (Sec. 2)
and introduce an observational semantics (Sec. 3) for TCCS, then we present
our full abstraction results (Sec. 4), compare the semantic preorders (Sec. 5)
and briefly discuss related work. Due to space limitations, most proofs have
been omitted; they can be found at http://dsi2.dsi.unifi.it/~denicola.

2 Tau-less CCS: TCCS

In this section, we briefly present the syntax and the operational semantics of
TCCS, (r-less CCS [7, 10]). We have preferred to use TCCS rather than CCS
because it allows us to avoid the “congruence problems” that arise when the CCS
choice operator (+) is used and silent actions are abstracted away. It is worth



mentioning that the very same results can be obtained by using CCS and its
must pre—congruence obtained from the must preorder by imposing that when-
ever the “better” process can perform a silent move also the other can do it.
We assume an infinite set of names A, ranged over by a,b,..., and let
N ={a@|a € N}, ranged over by @,b,..., be the set of co-names. N and N
are disjoint and are in bijection via the complementation function (*); we define:
(@) = a. We let £ = NUN, ranged over by £, /', ..., be the set of labels; we shall
use B to range over subsets of £ and we define B = {{| £ € B}. We also assume

a countable set X' of process variables, ranged over by X Y, .. ..
Definition 1. The set of TCCS terms is generated by the grammar:
E:=0 |2 |(LE |EJF | E&F | E|F | E\L | E{f} | X |recX.E

where f: L — L, called relabelling function is such that {€| f(£) # £} is finite,
f(a) € N and f(f) = f(€). We let P, ranged over by P, @, etc., denote the
set of closed terms or processes (i.e. those terms where every occurrence of any
agent variable X lies within the scope of some recX._ operator).

In the following, we often shall write ¢ instead of ¢.0. We write
b/, ..., 0, /6,} for the relabelling operator _{f} where f(¢) = £} if £ = ¢;,
i€ {l,...,n}, and f(¢) = £ otherwise. As usual, we write E[E1/X1,..., Ey/X,]
for the term obtained by simultaneously substituting each occurrence of X; in
E with E; (with renaming of bound process variables possibly involved).

The structural operational semantics of a TCCS term is defined via the two
transition relations — and =— induced by the inference rules in Table 3 and in
Table 4, respectively. The symmetrical versions of rules AR4 and AR5 in Table 3
and of rules IR5, IR6 and IR7 in Table 4 have been omitted.
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Table 3. SOS rules for TCCS: Action Relation
IR1 2 >— (2 IR2 recX.E > E[recX.E/X]
P>~ P P> P
I IR4
Ber— P ™M P — P\L
P > P
IR P& - P IR6
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IR7 — P — P megl— P, Q—Q
P|Q — P'|Q P|Q — P'|Q

Table 4. SOS rules for TCCS: Internal Relation



As usual, we use => or == to denote the reflexive and transitive closure
of = and use = , with s € LT, for = LN é when s = £s'. Moreover,
we write P == for 3P': P == P' (P L4 and P = will be used similarly).
We will call sort of P the set sort(P) ={{€ L|3s€ L*: P =L }, successors

of P the set S(P)={fe L|P =N }, and language generated by P the set
L(P) = {s € £* | P == }. Note that since we only consider finite relabelling
operators, every TCCS process has a finite sort.

A contextis a TCCS term C' with one free occurrence of a process variable,
usually denoted by _. If C' is a context, we write C[P] instead of C[P/_]. The
context closure R¢ of a given binary relation R over processes, is defined as:
PReQ iff for each context C, C[P]R C[Q]. R enjoys two important properties:
(a) (R9)¢ = RS, and (b) R C R’ implies R® C R'“. In the following, we will
write R for the complement of R.

3 Observational Semantics

In this section, we introduce different observational semantics for TCCS; we
follow two approaches. The first approach takes advantage of basic observables,
the second one of the classical testing scenario of [6, 10] and variants of it.

3.1 Basic Observables and Observation Preorders

Definition 2. Let P be a process and £ € £. We define three basic observation
predicates over processes as follows:

— P¢ (P guarantees ¢) iff VP' : P = P’ implies P’ :é>;

— P | (P converges) iff there is no infinite sequence of internal transitions
P >— P, >— --- starting from P;

— P | ¢ (P converges along £) iff P | and VP' : P - p implies P’ |.

The above predicates can be combined in five sensible ways and used to
define the corresponding basic observation preorders over processes, as stated in
the following definition.

Definition 3. Let P and @ be processes.

— P 2Qiff P | implies @ |;

- P, 2Q iff for each £ € L: P | £ implies Q | {;

— P<,.Q iff for each £ € £: P!/ implies Q! /;

- P <, Qiff foreach £ € £: P | and P!{ implies @ | and Q!¢;

- P, X, Qiff for each £ € £: P | £ and P!/ implies @ | £ and Q!/.

Of course, the basic observation preorders are very coarse. More refined rela-
tions can be obtained by closing the above preorders under all TCCS contexts.
For each basic observation preorder, say <, the contexrtual preorder generated by
< is defined as its closure <€,



3.2 Testing Preorders and Alternative Characterizations

Like in the original theory of testing [6, 10], we have that:

- observers, ranged over by O,0’, ..., are processes capable of performing an
additional distinct “success” action w ¢ L;

- computations from P | O are sequences of internal transitions P | O »—
Py | Oy > ---, which are either infinite or such that Py | Oy =~ , k > 0.

Definition 4. Let P be a process and O be an observer.
1. Pmust O if for each computation from P|O, say P|O >— P[0 > -+,

there is some i > 0 s.t. O; —» .
2. Pmust_ O if for each computation from P|O, say P|O = P[0y = -+,

there is some i > 0 s.t. O; — and P; |.
3. Pmust_ O if for each computation from P|O, say P|O >— P |01 > ---,

it holds that P; | O; == for each i > 0.

The first definition of successful computation given above is exactly that
of [6]. The second one, considers successful only those computations in which a
success state is reached before the observed process diverges. The third definition,
which is essentially taken from [3], totally ignores the issue of divergence. These
three notions allow us to define three preorders: the first one () is the original
must preorder of [6, 10], the second one ( ES) is the new safe-must preorder and
the third one (5 ,,) is the (reverse of the) fair/should preorder of [17] and [3].
Definition 5. Let i € {M, S, F'}. For all processes P and @, P EzQ iff for every
observer O: P must; O implies Q) must; O.

We introduce below alternative characterizations of the preorders must and
safe-must. They support simpler methods for proving (or disproving) that two
processes are behaviourally related. We need some additional notation.

Definition 6. Let s € L*, B Can £ and S be a set of processes.

— The convergence predicate, | s, is defined inductively as follows: P | € if P |;
Plls'if Pleand VP': P == P’ implies P' | s'.
We write P 1 s if P | s does not hold.

— (Pafters) denotes the set of processes {P': P == P'}.

— We write P BifV/e B:P|fand S| BifVYPe S:P| B.

P!B stands for VP' : P = P’ implies 3¢ € B : P' == .

— S ]! B stands for VP € S: P | B and P!B.

Definition 7. For all processes P and (), we write
- P &, QifVse€ L such that P | s, it holds that:
(a) @ | s, and (b) for every B Cqn L: (Pafter s)! B implies (Q after s)! B.
— P <, (@ is the same as above but predicate ! is replaced by |!.




Theorem 8. For all processes P and @, (1) P EM Q iff P «,, @ and (2)
PLC_Qiff P <, Q.

By taking advantage of the above alternative characterizations it is easy to
prove that the must and the safe-must preorders are pre—congruences.

Theorem 9. For all processes P and @ and i € {M, S}, PC.Q iff P E:Q

Note that the congruence result does not hold for the fair/should preorder
EF , it is not preserved by the recursion operator. This can be easily seen by

considering the following counter-example. Consider the processes P = a.b[]a.c
and @ = a.b and the context C = recX.(-|@.b.X)\{a, b}. It obviously holds that
P L Q. but C[P] Z C[Q] (just take O = Ew); hence P Z° Q.

An alternative characterization of the closure of the fair/should preorder is
given in [4], for a language slightly different from ours.

Definition 10. For all processes P and (), we write
P, Qif (PE_Qand L(P) C L(Q)).

Theorem 11. For all processes P and @Q, P EFT Qiff P E; Q.

4 Full Abstraction Results

From now on, we adopt the following convention: an action declared fresh in a
statement is supposed to be different from any other name and co—name men-
tioned in the statement.

4.1 Convergence predicate and convergent traces

In this section, we deal with the first two contextual preorders, <¢ and ,.=<°,
and prove that they have the same distinguishing power and coincide with the
reverse inclusion of the convergent traces preorder.

Definition 12. For all processes P and @, we write P T Q if Vs € £* such
that P | s, it holds that: "

a) @ |s,and
b) s € L(Q) implies s € L(P).

Theorem 13. For all processes P and @, P Em Qiff P Efn Q.

The following special contexts can be used to prove the next theorems. If
s€ L say s=4{y---L, (n>0), we define
_ 8= [Ty 0.0 and
B F A 5}

Theorem 14. For all processes P and Q, P § Q iff P <°Q.

Theorem 15. For all processes P and @), P, X°Q iff P <°Q.



4.2 Guarantees and fair testing

Lemmal6. Let P be a process, O be an observer and let £ € £ be a fresh
action; (1) Pmust_ O iff P | O{%w}!¢, and (2) P! iff Pmust_C.w.

¢ .
Theorem 17. For all processes P and @), P EF Q iff P =S Q.

PROOF: (=) We prove that <¢ is contained in E , the claimed result follows
by closing under contexts. Suppose that P <% Q and that Pmust_ O;let £ be a
fresh action. We have:
Pmust_O implies (Lemma 16(1))
P | O{%w} ¢ implies (hypothesis P <¢ @, with C' = _| O{fw})
Q| O{Yw} !¢ implies (Lemma 16(1))
Q must, O

(=) The proof is similar but relies on Lemma 16(2). O

4.3 Guarantees and convergence, and must testing

The next definition introduces two special contexts to be used in the proof of
Theorem 20.

Definition 18. Let s € £*,say s = {1 ---£, (n > 0), and B Cg, £. Let fB
denote a function which maps each ¢ € B to a single fresh c¢. Fix a bijective
correspondence among (1, ..., £, and n fresh actions a, ..., an. We define
— % =_| Q5 where Q§ = ¢ and QL' =7.Q5 [le, and
— 9P = (LI R){fB}| Q5 where R® = l.01.- - Ly.0p, Q5 = 0 and Qlls =
@1.QF [le.

Lemmal9. Let s € L*, B Cg, £ and ¢ be a fresh action.
a) Pl sifft C§[P] | iff C5[P] | c.
b) (Pafters)! B iff CPP[P]!c.

Theorem 20. For all processes P and @), P EM Qiff P <% Q.

PROOF: (=) From the definition, it is easily seen that <,, is contained in
.2 (indeed P!ciff (Paftere)!{c}). From this fact, by closing under contexts
and applying Theorem 8, the thesis follows.

(¢<=) Here, we show that  <¢ is contained in <, . From this fact and The-
orem 8, the thesis follows. Assume that P <¢ @) and that P | s, for some s € L*.
We have to show that: (a) @ | s and (b) (Pafters)!B implies (Q afters)! B,
for any B Cgy, £. As to part (a), from P | s and Lemma 19(a), it follows that
C$[P] |. Obviously, for every process R, C5[R]!c. From C$[P] |, C5[P]!c and
P << Q it follows that C3[Q] |. By applying again Lemma 19(a), but in the
reverse direction, we obtain @) | s. As to part (b), suppose that (P afters)!B.

From this, applying Lemma 19(b), it follows that C%®[P]!c. Moreover, it is
easy to see that for every process R, R | s implies C5P[R] |. From C$P[P] |,
C’Z’B[P] 'c and P <¢ @, it follows that C’Z’B[Q] l'c. By applying again Lemma
19(b), but in the reverse direction, we obtain (Q afters)!B. O



4.4 Guarantees and convergence, and safe-must

To prove full abstraction for safe-must, we will use another special context.
Again, we assume that ¢ € £ is always fresh. If s € £L*, say s = 41 -+ £, (n > 0),
and B Cg, £, we define the context

— P =1 Q3P where Q5P =¥,y e and QFF =7.Q¢ P e,
The proof of the following theorem is similar to that of Theorem 20, but relies
on the context C¢* instead of C§'7.

Theorem 21. For all processes P and @), P ES Qiff P <% Q.

It is worthwhile to point out why the context Cg’B cannot, be used in place of
the context CZ’B to prove full abstraction for the must preorder (Theorem 20).
Indeed, P | s does not imply that Cg’B[P] l (for instance a.b.2 | a but
C’g’{b} [a.b.92] 1). This would invalidate the proof of the “if” part of Theorem 20.

5 Comparing the preorders

Theorem 22. For all processes P and @, P EM Q@ implies P ES @, but not
vice—versa.

PRrRoOF: Paralleling the proof of Theorem 20, part <=, it is easy to show that
,=¢ is contained in < , from which the result will follow by applying Theorems

20 and 8. To show that the vice—versa does not hold, consider P def 5.2 and
def

@ = a. It is easy to see that P ES Q, but P £$ Q (just consider _|@). |
Theorem 23.
L. EM =3 C 20 = ES C 2= =
2. =¢ = L and T isnot comparable with T , T and <°.
FT FT M S
PRrROOF:

1. The result follows from Theorems 14, 20, 21 and 22. By definition, it is
easily seen that | .=<¢ is included in [, <°. The inclusion is strict: a <0
but a A, 0.

2. The equality < = EFT derives from Theorems 17 and 11. To see that

neither of | T and <°isincluded in £ (hencein L ), consider
M S F FT

1L

~ ~

the processes P def recX.(a.X[]a.b) and @ e recX.a.X. Clearly, P EM Q,
hence P ES @ and P ,<°Q. However, P EF @ (because Pmust_O and
Q mgst O, when O ef recX.(@.X[Jb.w)). To see the converse, observe that
0L 2. but0 A2 hence0 Z 2and0 2 1. 0

The mutual relationships among the pre—congruences are simpler if we move
to strongly convergent processes. We say that a process P is strongly convergent
if P | s for every s € L*.

Theorem 24. For strongly convergent processes, it holds that:

<ZZE CE :¢<i: <¢ = LC ¢ <= =<,
_ o >

FT L —r ~g lc= 1=



6 Conclusions

We have proposed three basic notions of process observables, that, when closed
with respect to the contexts of a CCS-like language, induce five pre—congruences
that have been proved to coincide with well-known and/or intuitive behavioural
relations.

Notions of observables in the same spirit as ours have been proposed in [13],
21, [11], [15], [8] and [12]

In [13], it is shown that the pre—congruence induced by inclusion of maxi-
mal traces coincides, both for CCS and CSP, with the must pre—congruence of
[6]; another characterization is given by only considering the inclusion of the
maximal e-trace, i.e. a sequence of invisible moves leading to a divergent state
or to a deadlocked one. The strength of the basic observables (maximal traces
are definitely more inspective than our guarantees predicate) prevents from cap-
turing different notions such as fair testing, and hinders the role played by the
convergence test, which is somehow included in that for maximality.

In [21], two Petri nets are called d-equivalent if they both can reach a dead-
locked state or if they both cannot do so. Then it is proved that, by closing
d—equivalence with respect to parallel composition, the variant of failure seman-
tics [5] that ignores divergence is obtained.

In [11], a series of variants of the testing framework is proposed and results
are listed showing that, by changing the expressive power of testers, a number
of equivalences ranging from bisimulation to testing can be captured. One of
the considered family of observers is that consisting just of agents of the form
£.w.0, that somehow resemble our !¢ predicates. It is claimed that for strongly
convergent processes the pre—congruence induced by this family of observers
coincides with the must preorder and the reader is referred to [13] for the proof.
However, we could not find the proof in Main’s paper.

Milner and Sangiorgi [15] define an equivalence for processes based on ele-
mentary observables, namely the possibility for a process to synchronize along a
specific channel. However, they permit to recursively test for the presence of this
observable. The resulting notion of observability (called barbed bisimilarity),
when closed under parallel composition, yields bisimulation—-based equivalences
that are significantly more discriminating than ours.

Ferreira [8] and Laneve [12] deal with languages significantly different from
classical process algebras. In particular, Ferreira uses a predicate which resem-
bles very much the conjunction of our | and !¢ (based on production of values
rather than on communication capabilities) to define a testing preorder for Con-
current ML [20]; this seems to be strongly related to our safe-must preorder. He
also conjectures that if one considers pure CCS (and observes communication
capabilities instead of value productions) the obtained preorder coincides with
the must pre—congruence of [6]; here we have proved this conjecture. Laneve dis-
cusses the impact of an observables-based testing scenario on the Join Calculus,
a language with elaborate synchronization schemata [9].
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