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Abstract

In this paper we study some relevant prefixes of coloured Motzkin walks (otherwise called coloured
Motzkin words). In these walks, the three kinds of step can have a, 8 and 7 colours, respectively.
In particular, when o« = 8 = v = 1 we have the classical Motzkin walks while for « = v = 1 and
B = 0 we find the well-known Dyck walks. By using the concept of Riordan arrays and probability
generating functions we find the average length of the relevant prefix in a walk of length n and the
corresponding variance in terms of «, f and . This result is interesting from a combinatorial point
of view and also provides an average case analysis of algorithms related to the problem of ranking
and generating uniformly at random the coloured Motzkin words.

1 Introduction

In this paper we consider the class of coloured Motzkin walks, that is, Motzkin walks in which each
admissible step can have different colours. Classical Motzkin walks are well-known in combinatorics and
derive their name from the Motzkin numbers, named after Theodore Motzkin [23]. The first few terms are
(Mp)nen = (1,2,4,9,21,51,--+) and correspond to sequence A001006 in [29]. Many properties of these
numbers can be found in [4]. Motzkin numbers enumerate various combinatorial objects and Donaghey
and Shapiro [8] give 14 different manifestations of these numbers. In particular, they give the number of
walks from (0, 0) to (n,0) which never go below y = 0 and are made up only of the steps (1,1), (1,0) and
(1,—1). In the present paper, we consider a generalization of these Motzkin walks, where each step can
be chosen between «, 8 and v colours, respectively. When ov = 8 = v = 1, we have the classical Motzkin
walks while for « = =1 and § = 0 we find the well-known Dyck walks (see, e.g., [29, 31]). The use of
colours for some of the steps in Motzkin walks (or words) can be found scattered in literature, mainly in
the context of enumerative and bijective combinatorics (see, e.g., [3, 7, 20, 21, 25]).

In the last years, Motzkin walks (or other Motzkin objects) have attracted the attention of many people
in the context of the random generation (see e.g., [9, 10, 11, 24]) and of the deterministic generation (see
e.g., [16, 17, 26]) of combinatorial objects.

In particular, the random generation of the Motzkin left factors was studied in [5] and an algorithm
for the random generation of Motzkin words was presented in [1]. Both papers use a rejection algorithm
that behaves linearly on average. The general results in [9] give for this problem an approximate-size
sampling of linear average complexity. The lexicographical generation of Motzkin words and the ranking
and unranking of lexicographically ordered Motzkin words have been studied in [12, 14, 16, 17] among
others (see also [13, 15]). Recently, a rejection algorithm for sampling at random a generalization of
Motzkin walks according to their area has been studied in [6].

Some of the previous algorithms, in particular those presented in [12, 14], require to read the minimal
prefix of a word, or its minimal suffix, in order to compute the position of the word according to the
lexicographical order (ranking) or to determine the next word in the lexicographical order. For example,
the strategy in [14] is to compute the number of lexicographically smaller words by reading the word from
left to right until there is exactly one continuation to a word of the language. Therefore, the length of
this prefix is important to analyze the performance of the algorithm. In particular, the average length of



the prefix, provides an average case analysis of the algorithm. As we will see in this paper, this expression
is also useful for the analysis of a simple algorithm for the uniform random generation of Motzkin walks
which does not use a rejection technique. Our generation algorithm is based on a generating tree which
encodes the Motzkin walks in such a way that the random generation of a walk coincides with the random
generation of a particular walk in the tree. Quite obviously, this tree structure implies an order over the
class of Motzkin walks and, in particular, if we read the paths in the generating tree from right to left
(see Figure 2.1) we obtain exactly the lexicographical order described in [14]. The method behind this
algorithm goes back to Nijenhuis and Wilf [24] and the explicit use of generating trees recalls the approach
of [2], even if the generating tree under consideration in this paper does not exactly correspond to an
ECO rule. In order to generate a walk of length n, the algorithm performs a number of calls to a function
random() which generates uniformly a real number A with 0 < A < 1. One interesting point is the fact
that the average number of calls to random() performed by the algorithm coincides with the average
length of the relevant prefixes of coloured Motzkin walks.

For the reasons exposed above, the aim of this paper is to give an accurate analysis of the average
length of the relevant prefixes in coloured Motzkin walks as a function of o, and 7. Our analysis
is based on properties of the coloured Motzkin triangle, due to its Riordan array nature, and uses
probability generating functions to compute the mean, the variance and, if one desires, higher moments.
The method is linear, elegant and simple and allows to generalize and unify the analysis performed in
[14] in the particular casesa = f=y=1landa=~v=1, 3 =0.

Section 2 is devoted to the analysis of some properties of the Motzkin triangle. These properties are
used in Section 3 to find the average length and the variance of the relevant prefixes. Finally, in Section 4
we give a general algorithm for the random generation of coloured Motzkin walks. Although the method
behind the algorithm is already known in the literature, its application to coloured Motzkin walks, as far
as we know, is new. Moreover, we show how the analysis of the algorithm is an immediate consequence
of the results in Section 3.

2 The coloured Motzkin walks

In this paper we consider the following model of walks: each walk of length n is represented by a sequence
((0,90), (1,91), -+, (n,yn)) of n+ 1 points in N2, where yo = 0 and yj = yx_1 + sx where, when yx_1 = 7,
the sy, are constrained to belong to a fixed set S;. In particular we have S; = {17, 08,12} for j > 0 and
So = {0%,12}, where a, B and v represent the number of colours for each kind of step («,y # 0). We
can represent all the walks of length < n as a tree of height n, where the root (at level 0 by convention)
is labelled with 0 and where the label of each node at level n encodes a possible position of the walk.
More precisely, a walk of length n corresponds to a branch of length n + 1 in the generating tree defined

by the following rule:
root : (0) (2.1)
rule: (k) — (k—1)7(k)5(k+ 1)~ :

Figure 2.1 illustrates the generating tree corresponding to (2.1) up to level n = 4. In particular, in the
figure some nodes with the same label have been collected, so that a node with label j? denotes p nodes
with label j. Moreover, at level 4 of the tree, only the nodes with label 0 are explicitly represented.

Let M8 = (MLa,;ﬂ”Y])nykeN be the matrix associated with the generating tree described by (2.1),

that is, Mr[la,’f 7 counts the number of nodes at level n having label k. This kind of matrices has been
studied in [22] where the authors proved under which conditions the matrix associated to a given gener-
ating tree is a Riordan array and vice versa. The concept of a Riordan array has been introduced in [28]
with the aim of defining a class of infinite lower triangular arrays with properties analogous to those of
the Pascal triangle. This concept has been successively studied in [30] in the context of the computation
of combinatorial sums. Some other aspects of the theory have been studied in [19] and the literature
about Riordan arrays is vast and still growing.

Formally, a Riordan array is an infinite lower triangular array (dn i )n ken, defined by a pair of formal
power series (d(t), h(t)), such that the generic element d,, i, is the n-th coefficient in the series d(t)(th(t))*,
ie.

A = [t"])d()(th(t)*,  n,k > 0.
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Figure 2.1: The generating tree corresponding to rule (2.1) up to level n = 4.

From this definition we have d,, = 0 for k& > n (an equivalent definition includes the ¢ inside the
function h(t) and requires h(0) = 0). An alternative definition is in terms of the so-called A-sequence
and Z-sequence, with generating functions A(t) and Z(t) satisfying the relations:

The general theory of Riordan arrays and the proofs of their properties can be found in [18, 19].
By using the results in [22] we can easily find that M [6:7] is the Riordan array defined by the pair
(dl®B1(t), hl*B1(t)) such that:

1— Bt — /1 =28t + (B2 — day)t2
20yt?

dleB:] (t) = plesBin] (t) = adleB] (t),

hence,

k+1
., o [ 1= Bt — /1 =28t + (B2 — day)t?
Mr[z,kB v _ ak[tn k] ( \/ o . (2.2)

The A and Z-sequences of the array are defined by the relations:

1
1 — tZla.8.7] (th[aﬁ,v] (1))

ploBAl(t) = Al (gpleBl(g)y, dleBal(g) =

and correspond to the generating functions:
Alen,8.7] (t) = a+ Bt + N2, JACHER (t) =B+t
which translate into the recurrence relations:

ML = a4 B MRS M = B P (23)
with initial condition M| [a A1 Z 1. The first 6 rows of matrix M5 are shown in Table 2.1.

Since a path of 1ength n+1 in the tree (2.1) encodes a possible walk of length n in our model, we have
that M, [a #71 also counts the number of walks of length n ending at altitude k. In particular, M,[L%B 7]
counts the number of coloured walks of length n coming back to 0 and we have:

= (e ny jla nl_ﬁt_ 1—26t+(62—40f}/)t2
R S ORI Y 2o

In particular, numbers My, L1 are well-known and called Motzkin numbers in the literature; matrix

ML s known as the Motzkin triangle and is illustrated in Table 2.2 (see, e.g., [4]). Another well-
known triangle is M 101 which is illustrated in Table 2.3 and corresponds to the aerated Catalan triangle



n/k | 0 1 2 3 1 5
0 |1
1 |B @
2 | B +ay 208 a?
3 | BB +3a7) a(2ay +34%) 30 o?
4 | B+ 6aB%y + 20242 4aB(B? + 2ary) 3a2(ay +25?%) 4028 at
5 | B(B* +10a8%y + 10a242%) ba(B* + 4aB%y + a?4?) 5a2B(28% + 3ay) 2a3(2ay +58%) 5aiB o

Table 2.1: The triangle M[®F7],

n/k| 0 1 2 3 4 5 67
0| 1

1|1 1

2 | 2 2 1

3014 5 3 1

419 12 9 4 1

5 121 30 25 14 5 1

6 |51 76 69 44 20 6 1
7 | 127 196 189 133 70 27 7 1

Table 2.2: The triangle M[111]

(see, e.g., [29]). Catalan numbers C,, = %-H (2:) appear in the first column of the triangle, that is, o
is equal to C,, /5 if n is even, and is zero otherwise.
We now give some results which will be useful in the next sections.

Theorem 2.1 We have the following formulae for coloured Motzkin numbers:

ang] (B4 2y/ay) ) (2n)( B M) .
M~ e = \n ) U 7 Psymen—s)) ¢ P70

ay)™ (2m ,
MO = —5711) - (m > M =0 if B=0.

Proof: The dominant singularity sleeBAl of dlenh] (t) is the minimal root, in modulus, of the equation
1—2ft + (8% — 4ay)t*. The roots are 1/(8+ 2,/ay) and 1/(8 — 2,/a7), so, when 3 # 0, the singularity is
sl = 1/(B + 2y/a7). The asymptotic approximation of M,[La’ﬁ’ﬂ can be found by performing a series
development of dl*#(t) around it. If we put t = (1 — w)s!®# ] in dl*F(t), so that w = 1 — t/sl®F],
and then compute the series development around w = 0, we get (omitting the constant and the w* terms,

n/k]0 1 2 3 45 6 7
0 |1

10 1

2 |1 0 1
310 2 0 1
412 0 3 0 1
510 5 0 4 0 1
615 0 9 0 501
710 14 0 14 0 6 0 1

Table 2.3: The triangle M-0:1]



k € N, which have no asymptotic relevance):

dlossl(p) = — (B +2/ay)®/? /B (B + 2,/@7)*/2(8 + 14 /a7) W2 4 O(w?)

(ay)3/4 8(ary)5/4

Hence we have:

(8,71 (B +2y/a7)%? t (B+2/09)%%(B+14,/a7) t \*?
AP (t) ~ — - 1-— — 1-—
(Ofy)3/4 sla.8.7] 8(047)5/4 sla.8.7]

and therefore:

plesal BT 2/EN>? (1/2> <__1>n n (2.4)

(Ofy)3/4 n 5[0@577]

(B+2y@)? (8 + 14 /@) (3/2)( 4 )n

8(04')/)5/4 n sla.B.7]

After some simplification, we obtain the formula in the statement of the theorem. On the other hand,

when 8 = 0, we have:
d[“’oﬁ] (t) _ 1-— VvV 1-— 40{’}/t2
20yt?

and, therefore, for n = 2m we obtain:

M[a,O,’Y] — [ﬁ"qﬂ = [t™] 1—/1—4ant . (ay)™ <2m)

m 20yt? 20yt Com+1

The next result concerns the column generating functions of the coloured Motzkin triangle M8

Theorem 2.2 Let f;(t) be the generating function of column j in the coloured Motzkin triangle. Then

we have:
p;(t)dlPN(t) —p; 4 (1)
aJtd

folt) = d*P7(e),  f(t) =

where the p;(t) are polynomials defined as follows:

for j>1

i) = WP, Fltw) = e

Proof: By a first application of rule (2.1) with k¥ = 0 we have (0) — (0)?(1)* and, consequently,
(1= Bt)fo(t) —1

at

fot) =1+t(Bfo(t) + afi(t), or fi(t)=

From (1) — (0)7(1)?(2)® we deduce:

(1—28t+ (8% — ay)t?) fo(t) — (1 — )

o?t?

fi(t) = t(vfo(t) + BA() + afa(t), or fat) =
In general, for j > 1, we have:

(1= B0 f () = vtfj-1(D)

at

fi@t) =t(vfi-1(t) + Bf;(t) + afj1(t) or  fira(t) =

and by repeated substitutions we find:

£i(t) = pi(t)fo(t) —pj-1(t)

adt

)



where p;(t) is a polynomial of degree j. Therefore we have:

pit1(t)folt) = pi(t) (1= Bp;(t) — ayt®pj—1() fo(t) = (1 = Bt)pj—1(t) — ayt®p;—a(t))

Qitiit] it ’

and, equivalently:

pira(t) = (1= Bt)p;(t) — axt®pi1(t), po(t) =1, pi(t) =1—pt.

Therefore, by setting F(t,w) = Zj>0 p;(t)w?, we have:

M = (1= B)F(tw) - arfPwF(tw), o Plt,w) = — = Bt)lw FRwrEmES

The previous theorem allows us to compute the numbers MLO‘,;’& 7 as a linear combination of the ele-

ments in the first column of the triangle, that is, of coloured Motzkin numbers M,[La’ﬁ .
Corollary 2.3 The elements of the coloured Motzkin triangle satisfy the following formula:

1
1—(1-Bt)w+ ayt?w?’

(o3 ]‘ n [e3%
MEPT = 0 d® P ), pa(t) = (']

In this paper we are interested in the study of what we call a relevant prefiz of a coloured Motzkin word;
therefore, before concluding this section, we give a formal definition of this quantity.

Definition 2.4 (Relevant prefix) The relevant prefic of a coloured Motzkin walk is the minimal sub-
walk such that there is exactly one continuation to a coloured Motzkin walk.

In other words, the steps that follow the relevant prefix are uniquely determined by the length of the
walk. In Figure 2.2 we illustrate the Motzkin walks of length 4 and their relevant prefixes, in the case

a=p=vy=1.

Figure 2.2: Motzkin walks of lenght n = 4 and their relevant prefixes.

3 The average length of the relevant prefixes

In this section, we concentrate on the study of the average length of the relevant prefixes of coloured
Motzkin walks and the corresponding variance. The main results are given by formulae (3.2), (3.4), (3.5)
and (3.6) and Theorems 3.9 and 3.10.



Our analysis is based on the concept of probability generating functions which provides a way to find
the average value and the variance of a given probability distribution in an elegant and quite simple way
(see, e.g., [27]). For the sake of simplicity, we recall that given a random variable X that takes on only
nonnegative values, with p, = Pr{X =k}, the function P(u) = > ,-,pxu” is called the probability
generating function for the random variable. The mean value and the variance of X can be found by
computing P’(1) and P”(1) + P’(1) — P’(1)?, respectively. In particular, in the present paper, we study
the probability generating function

P7[Ia,5,'y] (u) = 7r([)a,ﬁﬁ] + Wga,ﬁﬁ]u 4 q ﬂ[mg,v]un—z + Wlla;/iﬁ]unq.

n—

where ﬂl[a’ﬁ’ﬂ d

length 3.
By using a combinatorial reasoning, we have:

enotes the probability that the relevant prefix of a coloured Motzkin walk of length n has

Theorem 3.1 Let ﬂz[a’ﬁ’ﬂ be the probability that the relevant prefix of a coloured Motzkin walk of length
n has length i. We have, for 8 #£0 and i <mn — 1:

—ipslonB, —i o,
ﬂ.[a7ﬂa’y] _ ,yn Mi[,nfiﬂ - ’Yn 1+1Mi[717n71i+1
4 M»,[Ia76ﬁ] ’
and, for 8#0 andi=n—1:
n—2
2Bl = 1 3 el

i=0

Proof: The fact that a relevant prefix of a coloured Motzkin walk has length ¢ < n — 2 corresponds to
a walk in the generating tree which starts from the root, stops at level ¢ with a node with label n — 1,
and finally is followed by a sequence of n — i nodes with decreasing labels. In fact, the label of a node
corresponds to the altitude of the coloured Motzkin walk after i steps and the walk must end at altitude

0. At level i there are Mz[‘ff ’17] nodes with label n — i, so the probability for a node to have label n —¢ can

be found by dividing that value by My[la’ﬁ A, Moreover, we have to subtract the probability to generate
a label n — (i — 1) at level ¢ — 1, because this value would arrest the process. Each of the n — j nodes
with decreasing labels can be chosen among ~ colours and this explains the "7 factors. Finally, the last
node has always label 0 and therefore the last step of the walk is an horizontal or a down step according
to the value of the label in the last but one node. Therefore, the length of the relevant prefix is at most
n — 1. [ ]

When S = 0, we can do better since in this case the length of the relevant prefix is at most n — 2. In
fact, the last two steps of a coloured Dyck walk are both down steps or correspond to an up and down
sequence of steps, according to the label of the node at level n — 2. Therefore, we have:

Corollary 3.2 Let 710 be the probability that the relevant prefiz of a coloured Dyck walk of length n

i

has length i. We have, for i <n — 2:

Wz[aaoﬁl _ ’yn_le[%E’iV] ~ 7ﬂ_1+1Mi[f71(),’73]—i+1
MT[;LO,’Y] ’
and, fori=n—1:
n—3
el oo
i=0

In the rest of the paper, for the sake of notation, we consider 5 # 0 if the value § is not explicitly
denoted with zero. In other words, the superscript [«, 8,7] concerns coloured Motzkin walks with 8 # 0
while [«,0,7] concerns coloured Dyck walks. We will also use [a, 8 =0,7] to denote an expression
corresponding to coloured Motzkin walks evaluated in 5 = 0.

As a consequence of Theorem 3.1 and Corollary 3.2, we have:



Corollary 3.3 Let ﬂl[a’o’ﬂ be the probability that the relevant prefix of a coloured Dyck walk of length n

has length i, for i < n — 2, and let P,[la’o’v] (u) be the corresponding probability generating function. We

have:
Ples09] (u) = pr[la,6=0ﬁ] (u) + 7[1“ f =071, n—2 _ plaf=071

Tp—1
where Pr[la’ﬁzo’v] (u) and a’[izo’ﬂ correspond to Theorem 3.1 and must be valuated in = 0.

Therefore, we can compute P[a p) (u) according to Theorem 3.1 and then use Corollary (3.3) to study
the case 8 = 0. In order to evaluate the average length of the relevant prefixes we need to differentiate
I
Py[la’ﬁ al (u) and compute Py[la’ﬁ al (1). However, it is simpler to work with
Pleb(y) = MlewPalplessal Z H B,
i>0

In other words, HEQ’B M denotes the frequency of coloured Motzkin walks of length n with relevant prefix
of length i. We have the following result:

Theorem 3.4 Let Hga’ﬁ’ﬂ = My[la’ﬁ’ﬂ [, ; then we have:
1 .
Hga,ﬁﬁ] _ —[t”“](afthd[a’ﬁ’V] ) Ay = ayt2dles] (t)) for i=0,---,n—2.
oy

Moreover,

e (R O T B V)

Proof: From Theorem 3.1 and formula (2.2), we have:

me) ot it -

_ (a,y)n—i[ti—(n—i)]d[a,ﬂﬁ] (t)n—i+1 o (a,}/)n—i+1[ti—l—(n—i+1)]d[a,ﬂ,'y] (t)n_H.g _

_ N (i V) 12dle-Bl())n—i+2
= ()" ey — (o B

)n—i+1[t2i—2—n] (

hence for i <n—1::

i G [ G ) R O e e [ G O) B

In order to compute Hgf’ﬁ’ﬂ = M,EQ’B’V] — Z?:_(f 1I; [:6:7] e first evaluate the following sum:

n—2

Z 1, 1P = i[tn+2](1 — ayt?d PN (1)) (aryt2dleP () n Z (ayt2dlePl ()~
‘ ary

=0 =0

The sum in the right hand side can be easily evaluated, since it is the sum of a geometric progression,
and after some simplification we have:

ZH @8] = {1 2] (ayd P (1) — (ayd 5 (1))
ary

The second term within parentheses is equal to zero since the corresponding generating function has order
greater than n + 2 and finally by (2.2) we have:

1
Hf‘ﬁ’ﬂ _ Mr[laﬂ,’y] _ a—,y[tn+2](06’)’t2d[aﬂﬁ] (t)? =

= MO — (o)) (d PN (1) = MR = M5

s



[@,8,7]
n—1

We have computed II by subtraction. However, by using formulae (2.3) we note:

therefore:
H,[rlaiﬁlﬁ] _ MT[La,ﬂ,'y] _ ’)’2M awg

n—

3= (8 + oMy + 28y M5 (3.1)

s

This formula has a direct combinatorial interpretation. In fact, the coloured Motzkin walks which have
a relevant prefix of length n — 1 correspond to the walks which after n — 2 steps arrive i) at altitude 0
and then are followed by two horizontal steps or by an up step followed by a down step; ii) at altitude 1
and then are followed by an horizonal step and a down step, or vice versa.

By using the results of Theorem 3.4 and after some simplification, we obtain the following formula
for PlA (u) :

Theorem 3.5 Let ’P,[La’ﬁ’ﬂ (u) = M,[La’ﬁ’V]P,[la’ﬂ’V] (u); then we have:

2leB(1))3
[0‘167’7] = M[avﬂa’}/] n—1 - _ 1 n—1pn+2 (Oé’}/t

!/
We are now able to compute the average frequency Pr[la”ﬁ ] (1) :

Theorem 3.6 Let PL*?" (u) = MR plenBl (u); then we have:
Pl (1) = (n = DM — 22l )

where
(ryt?di 5 (1))

(B (1) = )
f (*) ay(1 — ayt2dleB(t))

Proof: By differentiating 777[10"’6”7] (u) with respect to u we have:

n—1 2 jle,8,7] 3
P’r[la,ﬂ,’y]/(u) _ (Tl - 1)M7[La,67'y]un—2 - u tn+2 (a'yt d (t))

ay u — aryt2dlB(t)
(= Du—1pun? [t+2) (yt2d™PA(@)* | (u—ur! [t+2) (ayt?dl*P01(1))?
ay u — aryt2dlePl(t) ay (u — ayt2dleP1(t))2

and then setting u = 1, we find:

(o2l (1))’
ay(1 — ayt2dleB(t))

Pl (1) = (= M) — [

|
From the previous theorem we have that the average length uﬁf"ﬂ 1 of the relevant prefixes in coloured
Motzkin words of length n is given by
!
ploBal = plesBallqy = p — 1 — (2] fleeBal(g) /agleB ] (3.2)



When § = 0, by using Corollary 3.3 and formula (3.1), we have

[,0,7]
a,0,7]’ a,8=0,7]" ayM, —2,0 s "

PJI 0,7] (u) = PJI #=0] (u) — 7M[£O”Y] ((n — 2" 3 — (n—1)u 2)) (3.3)
and consequently the average length MLO"O”Y] of the relevant prefixes in coloured Dyck words of length
n = 2m is given by:

(004 _  [ap=04] _m+1 4

Now, in order to compute the variance, we need to differentiate twice Py[la’ﬁ al (u) and compute

ple? ’7]//(1); after some computations we have:
Theorem 3.7 Let PL*# (u) = MR plesBl (u); then we have:

PlrP (1) = (02 = 30+ )M = o = )[R 1) 4 (120 1)
where fl@B(t) is the function defined in Theorem 3.6 and

2(ayt2dlP(t))?

[e.BA (1) = .
g ®) ay(1 — ayt2dleB(t))2

Theorem 3.7 allows us to find a formula for computing the variance; in fact, we have:

2 7[L04,57’Y]” 1 2
= ploeBAN (1) 4 plesal’ (1) — pleBal(1)” = 7 ©) + ploeB) _ plenBl

ULa,ﬂ,v]Q

and, consequently, after some simplification:

2

2] glenB] (¢ 2] flen Bl (¢ 2] rlaB (¢
N e el B e D e ) 5s)
Mnav Y Mna’ Y MnOH Y
When g = 0, by using formula (3.3) we obtain, after some simplification:
20412 ap=0~>  (m+1)(13m? — 2Tm + 14)
Ugmo 717 _ Ugmﬁ g/ (3.6)

4(m+ 2)(2m — 1)2

2
According to (3.2), (3.4), (3.5) and (3.6), in Table 3.4 we give some values of 1P and ol for
different «, 8 and v and 4 <n < 8.

n 4 5 6 7 8

ph b 26/9 27/7 245 /51 733/127 2177/323
Bl I Y2 6/49 512/2601 3858,/16129 30412/104329
pli 0! 2 - 19/5 - 79/14
[1,0,1]2

ol 0 - 4/25 - 73/196
p®2 | 53/18 133/34 649/133 521/89 3737/547
o227 | 17304 93/1156 2138/17689 3676/23763 56082/299209
pl®3 | 309/106  877/226 9671/1999 26349/4537 142544,/21023
o237 | 873/11236  5373/51076 650646/3996001 4178664/20584369 108668520/441966529

[@,8,7]

2
Table 3.4: Some particular values for py, and 07[?’6 al .

In order to extract the coefficients in formulas (3.2) and (3.5), when § # 0, we need to know the
dominant singularities of functions f1*#(¢) and gl*?#71(t) (see, e.g., [27] for the asymptotic evaluation
of the generating function coefficients).
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Theorem 3.8 The dominant singularity of the functions fl*#(t) and gl“P(t) coincides with the
dominant singularity of dl*#"1(t), that is, with

1
B+ 2 /a7
Note: when 8 =0 the singularity has multiplicity 2.

gleBl —

Proof: By substituting the expression for dl®#71(t) in fl*#7](t) and rationalizing (possibly with the
help of a system of symbolic computation like Maple), we obtain:

P(t) — Q(t)\/1 — 2Bt + (B2 — day)t?
2a7t(ayt + B)

f[aﬁﬁ] (t) =

where
P(t) = 1 — 3t — dayt® + 36%t% 4 5apyt® — B33 — afyt* + 20°~%*

and
Q(t) = 1 — 28t — 2a7t? + B*t? 4 aByt>.

Therefore, fl*#7](t) has the three singularities so = 1/(342/a7), s1 = 1/(3—2,/a7) and s = — /().
The dominant singularity has to be chosen between sy and s and we have:
B

= =lsa| <so| = & BE428ay—ay <0,

1
B+2/ay’

In other words, when ay — 32 > 23,/a7 then s, is the dominant singularity; in this case, since 8,/ay > 0,
we have ary — 32 > 0. Moreover, we have,

52
P<SQ>:1__O[’77 Q(Sg)zl
and ,
— 32)2 OB ay— B2 >0
1-2 2 _ 4ary)s2 = (ay =22 _ ay =
\/ Boa + (B —dar)s; a?y? Boay if ay—B2<0

ay

Now, if we set R(t) = P(t) — Q(t)y/1 — 2Bt + (8% — 4ay)t2 then when ay — 8% > 0 we can easily prove
that R(s2) = 0 and, therefore, the singularity sy can be eliminated. This proves that sq is always the
dominant singularity of fl*#71(t). Since gl*#7(t) = 2 fleF(t) /(1 — ayt?dl*P(t)), a similar reasoning
yields the same result for gl®871(¢). [ |

We conclude with the following asymptotic results:

Theorem 3.9 The average length ,u%a’ﬁ”] of the relevant prefizes in coloured Motzkin words of length n
satisfies
Vay(38y/a7 + day) 540
(B+ vam)* (B +2y/ay)’

ugla,ﬂn] ~n—1—

with variance
Jlans? . 308" +580%3%% + 240%/25395/2 + 54052875/ + 160%°
" (B + ay)4(B + 2y/a7)? ’

Proof: By developing f[®#:] (t) around its dominant singularity and putting w =1 —t/ sl®B7] we find:
(omitting the constant term):

B #0.

38\/ay + day
(an)V/4(B + \Jam)2(B + 2,/a7)3/?

flepal(t) = - Vi +Ofuw).

11



Therefore,

2 flesBal ) o 3By/a7 + day ( 1/2 ) ( -1 )"*2
(@) Y4B + am)2(B + 2/a7)32 \n+2) \ sl*:8]

and since the principal term of formula (2.4) in Theorem 2.1 gives

g . PR ARY (1Y

(afy)3/4 n 3[047[3,’”

we finally have

[tn+2]f[a,5,v] (t) N \/@(35\/—+ 40(’}/) < 1 )2 an? — 1
Mo (B+ Vam2(B +2/am)? \ stoho]

_ VAEB ATl ( 1 ) _J/A(38/a7 + 4a)
(B4 /a7)*(B + 2 /a7)3slp:1? (B + Vam)*(5 +2/a7)

n
On the other hand, by developing gl®#+] (t) around the same singularity, we have

dn2 +12n+8

2(ay)4(5 /a7 + 4
g[a,B,’Y] (t) _ (Of}/) ( ary + Of)/) \/Eﬁ* O('LU)
(B + a7)3(B + 2,/a7)!/?
and hence:
[t +2] g0 7(2) 2a7(5y/a7 + 3a7) ( -1 )2 an® —1
M8 (B+ /a7)3(B + 2y /a7)? \ sl ) 4n? +12n +8
2ay(54/a + 3ay)
6+ vay)?
Finally, by substituting the previous results in formula (3.5) we obtain the value for O'»L ..1]? given in the
statement of the theorem (the use of Maple at this stage becomes essential). ]

In particular, Theorem 3.9 in the case a = 3 = v gives:

u[aaa]wn—l—l*n 19 [a,a,a]2 155

2 "1 On VY

a result which generalizes the analysis in [14, Theorem 6].
The previous theorem gives formulas for the average length of the relevant prefixes and the corre-
sponding variance in the case 8 # 0. On the other hand, when § = 0, we have:

1 — dayt? 4+ 20292t — (1 — 2ayt2) /1 — daryt?

[@,0,7] t) =
f ( ) 2042"}/2t2
gle0l(g) = 1 —5avt? + 5a?y2tt — (1 — 3ayt? + a?42t4) /1 — dayt?
B a3t

and the coefficients of these functions can be exactly extracted. In the present case, let us first consider
the walks relative to @ = v = 1; when we pass to general o and ~, we observe that each walk arriving at
(2m, 0) has to be counted with multiplicity (ay)™. On the other hand, also the relevant prefixes have the

same multiplicity. Therefore, we conclude that u[a 09 and J[O‘ 0.4) should not depend on « and + and

consequently our results should coincide with case 1 in [14, T heorem 5], dealing with the case a =y = 1.
In fact, we have:

12



Theorem 3.10 The average length u[a’o’ﬂ of the relevant prefixes in coloured Dyck walks of length 2m

2m
satisfies
13 1
[20;,;0”7] =2m - —+4+0 <—>
4
with variance - )
[0y? _ 2L (L
2m 6 (m)

Proof: When n is odd, we have [t"+2] fl*07](t) = 0. When n = 2m > 0, we obtain:

1 —davyt + 202722 — (1 — 2091)/T— 4oyt
202v2t N

[t2m+2]f[a,(),v] (t) — [thrl]

ay 2ayt 2ayt ay

L) (am )yl (m) _ 2 2

ay m+2 \m+1 m+1\m (m+1D(m+2)\\m

1 1—-1—4ant 1—1—4ant 1
e e = 2l e (- 1) =

Therefore, from formulae (3.2) and (3.4), we have:

-1 1 -1 2 9
o0 Z g g MY _ (m-1)@Bm*+Tm+2)
m+2  2(2m-1) 2(2m — 1)(m + 2)

om_ 13, O 3
=2m — — — .
4 " m+2 4@2m-1)

For what concerns the function gl*91(t), we obtain for n = 2m > 0:

1 — 5aryt + 50222 — (1 — 3ayt + o?4%t?)/T — dant
a3~3¢2 -

[t2m+2]g[a,0,w] (t) — [thrl]

2 g2 1 —V1—dont i[tm“] 1—+/1—-4ant 2™ 1—/1—4ant

- 04272[ 20yt ary 20yt 20yt
2 (ay)™*2 (2m +4 6 (ay)™tt (2m+2 (ay)™ (2m
= a2A2 T av +2 -
o’y m+3 \m+2 ay m+2 \m+1 m+1\m

_10(ay)™m(m — 1) (Qm)
S (m+D(m+2)(m+3)\m

Therefore, from formula (3.6) we have:

(@,04]2  10m(m—1) m—1 4(m —-1)2  (m+1)(13m? —27m + 14)

Tam o T 2)(m+3) m+2  (m+2)?2 4(m + 2)(2m — 1)

3(m —1)(m — 2)(17m3 + 2m? — 21m — 14)
4(m+2)2(m + 3)(2m — 1)?
_ 51 4% 120 39 36 9
16 5(m+2) m+3 402m—1) (m+2)2 16(2m —1)2

2
As expected, neither ,u[;,’:)’ﬂ nor 05,;0’7] depend on « and 7.
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Figure 4.3: The tree for the generation of Motzkin walks of length n =4 (a = =~v =1).

4 The random generation

In this section we describe an algorithm which generates uniformly at random a coloured Motzkin walk
of a given length n, that is, each coloured Motzkin walk is generated with probability 1 /MT[La’ﬁ M As we
noted in the Introduction, the method behind this algorithm goes back to Nijenhuis and Wilf [24] and the
explicit use of generating trees recalls the approach of [2]. However, as far as we know, the application
of the method to coloured Motzkin walks, for generic «, 3, and =, is new and the results of Section 3
provide an exact average case analysis of the corresponding algorithm, described in Table 4.7.

In order to explain the algorithm, let us consider the tree in Figure 4.3 which corresponds to the
generating tree (2.1) with « = § = = 1 and up to level n = 4. The branches which do not correspond to
walks ending at altitude 0 have been deleted; each remaining branch is labeled with a value of probability
which depends on the length of the random walk we want to generate. In the figure, for example, these
probability values correspond to the generation of walks of length 4. At level 4 in the generating tree
there are 9 nodes labeled 0: 4 are in the left subtree of the root while 5 are in the right subtree. Thus
the first two branches are labeled with 4/9 and 5/9. In particular we observe that:

e 4/9 corresponds to the ratio between the number of nodes with label 0 at level 3 and the number
of nodes with label 0 at level 4;

e 5/9 corresponds to the ratio between the number of nodes with label 0 at level 3 in the sub-tree
having root with label 1, and the number of nodes with label 0 at level 4.

The other probability values are computed similarly and this reasoning can be applied to every n and
every label k at level ¢. We denote by 72%0)"6 7 the tree corresponding to the rule (2.1) and by 72[]0)"6 M the
tree corresponding to the specification (4.1)

root . (j)
{ rule : (i:) — (k—1)(k)?(k+1)~ (4.1)

We have the following important result:

Theorem 4.1 Let f,[L‘,X]?B’W] be the number of nodes labelled 0 at level n in the tree 7'(5))‘”6””. Then we have:

f[ayﬂ,v] — pvpel

n,j n,j
Proof: The proof follows from a straightforward combinatorial reasoning. In fact, fy[fjﬁ al corresponds
to the number of coloured walks of length n which start at altitude j and end at altitude 0 and this
corresponds exactly to the number of walks of length n starting from 0 and ending in j, when the role of
« and 7 is exchanged. [ ]
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Therefore, referring to Figure 4.3, if we fix n and consider a node with label k at level i, then we
11,1 [1,1,1]  [1,1,1]

label the branches of the tree with probabilities p;,% ", ¢, % T such that:
(1,1,1] [1,1,1] (1,1,1]
1,1 Jnlish k—1 (1,1,1] folish k 1,1,1] Jnlish e (1,1,1] (1,1,1]
nkyi T [1,1,1] v Aok = [1,1,1] v Tnki T T = (Pri ki)
fn fn fn i,k
In the general case with colours, the involved quantities are
[@,8,7] [a,8.9] [@,8,7]
[a,8,9] fnfifl,kfl e, 8, 'y] fn i—1,k la,8,4] fnfifl,kJrl
Prki = " ada] 0 Inki TdaBol ) Tmki T T aBA]
fn ik fn—i,k fn i,k

which, due to formula (2.3), satisfy the relation:

’ngf;fﬂ] + 5% ,ﬂzv + ar[a B Al

In this case, we consider a tree in which each node has a number of children which depends on the number
of colours and where each branch corresponding to the same step, but with different colour, is marked
with the same value of probability. In Figure 4.4, for example, we give the tree for the generation of
coloured Motzkin walks of length n = 3, in the case § =y =2 and @ = 1. As it can be easily checked

n/k| 0 1 2 3 4 5 6 7
0 1
1 2 1
2 6 4 1
3 20 16 6 1
4 72 64 30 8 1
5 272 260 140 48 10 1
6 |1064 1072 636 256 70 12 1
T 14272 4480 2856 1288 420 96 14 1
Table 4.5: The triangle M[1:2:2]
n/k| 0 1 2 3 4 5 6 7
1
2 2
6 8 4
0 32 24 8

72 128 120 64 16

272 520 560 384 160 32

1064 2144 2544 2048 1120 384 64
4272 8960 11424 10304 6720 3072 896 128

N O U W N - O
[\

Table 4.6: The triangle M [2:21]

with Tables 4.5 and 4.6, we have, for example:

1,2,2 1,2,2

22 _ 2[,0 ] 3 H122 fz[,1 ] 2

3,0,0 T .[1,2,2 10’ 3,00 T 1,22] &’

fag® 10 fag? o

1,2,2 1,2,2 1,2,2 1,2,2
[1,2,2] fl[, 22 1[,1 ] 1 1,2,2] 1[,0 ] 22 f1[ 1 ] 1
93,01 = T[22~ '3.01 T 22 3’ Psi1 = o — a1 = [1,2,2] 1
o, 2,0 2,1 fa1
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The algorithm for the random generation of a coloured Motzkin walk is described in Table 4.7 in
Maple-like style. We use two routines for random number generation: random() returns a real number
A, with 0 < A < 1, and random(h) returns an integer number between 1 and h. We code the colours
with integer numbers in the range [1...«], [1...5] and [1...4], respectively. The algorithm performs
a number of calls to random() and moves along the branches of the tree according to the values of the

corresponding cumulated probabilities. In particular, the number A\ generated by random() determines
[e,8,7]

wis  then we have a down

the step and the corresponding colour in the following way: if 0 < A < p

step; if 'ypglalf lfﬂ <A< Vpgla}f f] + BqLa,’fi’ﬂ then we have an horizontal step; otherwise we have an up step.
The colours are determined by considering them as uniformly distributed in the corresponding range of
values. In particular, the colour is computed by

A — [a,8,7] A\ — [e,8,7] a,f3,7]
{ A J+17 { VPMZJJFL { ol — Bl O

el amii” e
for down, horizontal and up steps, respectively. As soon as the relevant prefix of the walk is reached,
we need to generate the remaining steps as down steps; a possible exception is the last step which can
be horizontal when the relevant prefix has length n — 1. The algorithm returns a sequence of ordinates
y = (y1,¥2," - ,yn) and a sequence of colours ¢ = (c1,¢2,- - ,¢,) denoting the walk ((0,0), (1,y1),- -,
(n,yn)) having the i-th step of colour ¢;. The colours are randomly chosen according to the kind of step.
In Table 4.7 a comma denotes the concatenation of an element to a sequence.

Input: the length n > 1 of the walk; the number of colours «, 3, 7;
Output: two sequences y = (y1,- - ,yn) and ¢ = (c1,- - ,¢p).

y :=NULL; ¢ :=NULL; k := 0;
finished:=false;
for i from 0 to n — 2 while not finished do
X:i=random/(); p := 0; colour:= 0;
if £ > 0 then
p::M’YBOl 1/M7[L’Yﬁa]

n—i—1,k i,k
if A<~p then k := k — 1; colour:= L%J + 1; fi;
fi;
if colour= 0 then

_ aglvB.al [v.8,q],
q:= nzlk/Mn zk’

if A < yp+ B¢ then k := k; colour:= | 2=

P | 4+ 1; fi
fi;
if colour=0 then k:=k+ 1; r := (1 — vp — 5¢)/c; colour:= \_%J +1; fi;
y:=y,k;
¢ := ¢, colour;
if k=n—1i—1 then
finished:=true;
y:=y,seqk—j,j=1.k—1);
¢ := ¢,seq(random(y),j = 1.k — 1);
fi;
od;
y =y, 0;
if y,—1 = 1 then ¢ := ¢,random(v) else ¢ := ¢,random(f) fi
return y,c;

Table 4.7: Algorithm for the random generation of a coloured Motzkin walk; A is a real number with
0< A<
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Figure 4.4: The tree for the generation of coloured Motzkin walks of length n =3 (8 =v=2, a =1).

Slee
o

|—=
W=
W=
W=

Particular attention has to be paied when 8 = 0. In Figure 4.5 we illustrate the tree for the generation
of Dyck walks (¢« = = 1 and § = 0). In this case, the algorithm could be slightly improved taking
into account the facts that the relevant prefix of a coloured Dyck walk has length at most n — 2 and that
when the walk reaches y = 0, then the next step has to arrive at y = 1.

Figure 4.5: The tree for the generation of Dyck walks of length n =6 (a =y =1, 8 =0).

In conclusion, it is quite obvious that the average number of calls to random() (the calls which require
the computation of some values of probability) corresponds to the average length of the relevant prefixes
of coloured Motzkin walks (more precisely, when 8 = 0, the number of calls to random is bounded by this
quantity). Therefore, by using the results of Section 3, we have the following:

Corollary 4.2 The average number of calls to random() performed by the algorithm described in Table

2
4.7 and the corresponding variance are given by the formulas for uila’ﬂ’ﬂ and O'L(l”ﬁﬁ] in Theorem 3.9,

if B # 0. The average number of calls to random is bounded by the formula for u[g‘f,;o’v] in Theorem 3.10,
when B = 0.

Finally, we wish to point out that algorithm in Table 4.7, as the algorithm for ranking presented
in [14], is based on the computation of values in the coloured Motzkin triangle. Therefore, the average
complexity of these procedures is bounded by the average length of the relevant prefixes provided that
the computation of these numbers is performed in constant amount of time. This can be realized by a
precomputation of the triangle.

17



5 Conclusions

In the present paper we have performed an analysis of the length of the relevant prefixes of coloured
Motzkin words where a relevant prefix is the minimal sub-walk such that there is exactly one continuation
to a coloured Motzkin walk. By using the concepts of probability generating functions and Riordan arrays,
we have been able to compute the average length and the corresponding variance in terms of the numbers
a, 8 and v of colours used for the three kinds of steps. The problem has been solved also for coloured
Dyck walks which correspond to the particular case § = 0. This result represents and advance in the
combinatorial analysis of coloured Motzkin walks and gives the average complexity of algorithms for the
random generation, ranking and unranking of coloured Motzkin walks, based on a tree structure encoding
the walks.

Acknowledgements

We wish to thank Conrado Martinez for his useful suggestions during the preparation of a preceding
version of the paper dealing with the particular case « = § = v = 1. We also thank the anonymous
referees for their comments and suggestions which allowed us to improve the contents of the paper. The
first author also thanks Alice for her presence during the development of this work.

References

[1] L. Alonso. Uniform generation of a Motzkin word. Theoretical Computer Science, 134(2):529-536,
1994.

[2] E. Barcucci, A. Del Lungo, and E. Pergola. Random generation of trees and other combinatorial
objects. Theoretical Computer Science, 218:219-232, 1999.

[3] E. Barcucci, A. Del Lungo, E. Pergola, and R. Pinzani. A construction for enumerating k-coloured
Motzkin paths. In Proceedings of COCOON’95, volume 959 of Lecture Notes in Computer Science,
pages 254-263, 1995.

[4] E. Barcucci, R. Pinzani, and R. Sprugnoli. The Motzkin family. Pure Mathematics and Applications,
2:249-279, 1991.

[5] E. Barcucci, R. Pinzani, and R. Sprugnoli. The random generation of underdiagonal walks. Discrete
Mathematics, 139:3-18, 1995.

[6] S. Brlek, E. Pergola, and O. Roques. Non uniform random generation of generalized Motzkin paths.
Acta Informatica, 42(8/9):603-616, 2006.

[7] E. Deutsch and L. W. Shapiro. A bijection between ordered trees and 2-Motzkin paths and its many
consequences. Discrete Mathematics, 256:655-670, 2002.

[8] R. Donaghey and L. W. Shapiro. Motzkin numbers. Journal of Combinatorial Theory, Series A,
923:291-301, 1977.

[9] P. Duchon, P. Flajolet, G. Louchard, and G. Schaeffer. Boltzmann samplers for the random gen-
eration of combinatorial structures. Combinatorics, Probability and Computing, 13 (4-5):577-625,
2004.

[10] P. Flajolet, E. Fusy, and C. Pivoteau. Boltzmann sampling of unlabelled structures. In Proceedings
of ANALCO’07 (Analytic Combinatorics and Algorithms), New Orleans, STAM Press, 2007.

[11] Ph. Flajolet, P. Zimmermann, and B. Van Cutsem. A calculus for the random generation of combi-
natorial structures. Teorethical Computer Science, 132:1-35, 1994.

[12] R. Kemp. Generating words lexicographically: an average-case analysis. Acta Informatica, 35:17-89,
1998.

18



[13]

[14]

[15]

18]

[19]

[20]

[24]

[25]

[26]

[27]

28]

[29]

[30]
[31]

D.L. Kreher and D.R. Stinson. Combinatorial Algorithms: Generation, Enumeration and Search.
CRC Press, 1999.

J. Liebehenschel. Ranking and unranking of lexicographically ordered words: An average-case anal-
ysis. Journal of Automata, Languages and Combinatorics, 2:227-268, 1997.

J. Liebehenschel. Ranking and unranking of a generalized Dyck language and the application to the
generation of random trees. In The Fifth International Seminar on the Mathematical Analysis of
Algorithms, Bellaterra (Spain), 1999.

C. Martinez and X. Molinero. A generic approach for the unranking of labelled combinatorial classes.
Random Structures and Algorithms, 19 (3-4):472-497, 2001.

C. Martinez and X. Molinero. Efficient iteration in admissible combinatorial classes. Theoretical
Computer Science, 346:388-417, 2005.

D. Merlini. I Riordan Array nell’Analisi degli Algoritmi. Tesi di Dottorato, Universita degli Studi
di Firenze, 1996.

D. Merlini, D. G. Rogers, R. Sprugnoli, and M. C. Verri. On some alternative characterizations of
Riordan arrays. Canadian Journal of Mathematics, 49(2):301-320, 1997.

D. Merlini, D. G. Rogers, R. Sprugnoli, and M. C. Verri. Underdiagonal lattice paths with unre-
stricted steps. Discrete Applied Mathematics, 91:197-213, 1999.

D. Merlini, R. Sprugnoli, and M. C. Verri. Algebraic and combinatorial properties of simple, coloured
walks. In Proceedings of CAAP’9/, volume 787 of Lecture Notes in Computer Science, pages 218-233,
1994.

D. Merlini and M. C. Verri. Generating trees and proper Riordan arrays. Discrete Mathematics,
218:167-183, 2000.

T. S. Motzkin. Relations between hypersurface cross ratios, and a combinatorial formula for parti-
tions of a polygon, for permanent preponderance, and for non-associative products. Bulletin of the
American Mathematical Society, 54:352360, 1948.

A. Nijenhuis and H. S. Wilf. Combinatorial Algorithms for Computers and Calculators. Academic
Press, 1978.

A. Sapounakis and P. Tsikouras. On k-coloured Motzkin words. Journal of Integer Sequences,
7:04.2.5, 2004.

J. Sawada. A fast algorithm to generate necklaces with fixed content. Theoretical Computer Science,
301:477-489, 2003.

R. Sedgewick and P. Flajolet. An Introduction to the Analysis of Algorithms. Addison-Wesley,
Reading, MA, 1996.

L. W. Shapiro, S. Getu, W.-J. Woan, and L. Woodson. The Riordan group. Discrete Applied
Mathematics, 34:229-239, 1991.

N. Sloane. On-line Encyclopedia of Integer Sequences. http://www.research.att.com/~njas/
sequences.

R. Sprugnoli. Riordan arrays and combinatorial sums. Discrete Mathematics, 132:267-290, 1994.

R. P. Stanley. Enumerative Combinatorics, volume 2. Cambridge University Press, Cambridge, 1999.

19



