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Riordan Arrays

A Riordan Array is an infinite, lower, triangular
array {dy k}n keN, defined by two formal power
series D = (d(t),h(t)), such that

dy, 1 = ["1d() (th ().

It follows that d, ;, =0 for k > n:

[ do,o 0 )
dio di,1
D= doo dp1 dp>

dz3o d31 d3o d33

For what concern the bivariate generating func-
tion, we have:

o0
d(t,w) = ) dn’ktnwk —
n,k=0

d(t)

_ = k, k _
=d(t) > (h(@))*w" = T wth(®)

k=0




We suppose d(0) #= 0; if h(0) # 0 then the
Riordan Array is called proper. Two particular
situations need to be underlined:

e d(t) = h(t); in this case we have a Renewal
Array as defined in:

D. G. Rogers. Pascal triangles, Catalan
numbers and renewal arrays. Discrete Math-
ematics, 22:301—-310, 1978.

e d(t) = 1; in this case we have a correspon-
dence with the class of convolution matri-
ces, apart from the factor k!/n!.
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T he Pascal triangle

1 0 0 O 0 O O O 0O
11 0 O o) O O O 0O
1 2 1 O o) O O O 0O
1 3 3 1 0 O O O 0O
1 4 6 4 1 O O 0 0O
1 5 10 10 5 1 O O 0O
1 6 15 20 15 6 1 0 0O
1 7 21 35 35 21 7 1 OO
1 8 28 566 70 56 28 8 1 O
|1 9 36 84 126 126 84 36 9 1
We have:
n n —n+n—k—1
n, jp = (k) = (n _ k) = ( —I_n _k )(_1)n_k =

_ n—k 1 ) 1 t k
=l ](1—t)k+1_[t]1—t<1—t)’

and

d(t) = h(t) = %



Computing combinatorial sums

Theorem 1 Let D = (d(t),h(t)) be a Riordan
Array and f(t) the generating function of the
sequence { fr}ren- Then:

n

> dy i fr = [E"1d(E) f (R (2)).

k=0

For example:
& _d(®)
G {go d"”’“} 1 —th(t)
= k _d(@@)

[ _ td@®)h(t)
J <\/§::o kdn’k} (1 —th(t))?

& o d®)
g <\k§O dn—k,k} =71 t2h(t).




Example 1

For a,be Z, b <0 and r € R we have:

k
()~ s o

a\ k
— [tn]t—bk(l_l_t)r-l—ak — [tn](l_l_t)r <(1 _t:t) ) ’

and this corresponds to the Riordan Array:

D= ((1 e (1;:?@) |

We have:

2. (;:ZZ)& = [t"](1 + ) FE (1 + )9).

k



Example 2

For a,b,c € Z, b > a we have:

n+ aky n + ak .
(c—l—bk) - (n—l—ak—c—bk) -

_ ( —c—bk—1 )(_1)n-|—ak—c—bk —
n + ak — ¢ — bk

— [tn-l—ak—c—bk](l . t)—c—bk—l

— [tn]t(b—a)k-I—C(l . t)—c—bk—l —

k
tC tb—a

= [t"] :

(1 —t)etl \ (1 -¢)b
and this corresponds to the Riordan Array:

C b—a—1

D = t : ¢ :
(1 -t (1 -¢t)b

We have:

n + ak _om t° tb—a
> (g )= ](1—t)c+1f<(1—t)b>'

k




Stirling numbers of I and II kind

The Riordan Array concept can be applied to
Stirling numbers:

nl ] [o] 3] 3] 2] [8
0|1

10 1

210 1 1

3|0 2 3 1

4 10 6 11 6 1
5|0 24 50 35 10 1

n |y

01

1|0 1

210 1 1

3|0 1 3 1

4 10 1 4 6 1

5|0 1 15 25 10 1




Modified Stirling numbers
of the I kind

(i} = (i)

They correspond to the proper Riordan Array:

1 1
D1:<1,—In )
t 1-—t¢

Modified Stirling numbers
of the II kind

o=

They correspond to the proper Riordan Array

t_1
D2:<1,e t )
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The Riordan Group

Proper Riordan Arrays constitute a group with
respect to the usual row by column product
between matrices. If

D = (d(¢), h(?))

F=(f(),9(t))

then the product D x F' is the proper Riordan
Array:

D« F = (d(¢) f(th(t)), h(t)g(th(1))).
The identity is the Riordan Array

I=(1,1).

11



The inverse

Then we can find the inverse D = (d(t), h(t))
of a proper Riordan Array with respect to the
usual row by column product:

(d(t), h(£)) = (d(2), h(1)) =

= (d(t)d(th(t)), h(t)h(th(t))) = (1, 1),
that is:

a(y) = [d(l—t)‘ y= th(t)]
Aly) = [%t)‘ y= th(t)] .
We also have:
= (k B tﬁ((;))) d(t)flt(t)n >0

do 1, = 01,0/ do.
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Inverting combinatorial sums

If we have

n
> dy i fr = 9n

k=0

for a given proper Riordan Array {d, r}n keN:
then we have

n —
> dy k9K = fn
k=0

for the inverse proper Riordan Array {d, 1.}, keN-

13



The A-sequence

Theorem 2 A matrix {d, .}, reN IS @ proper
Riordan Array iff there exists a sequence A =
{a;};eNny With ag # O such that:

dn-l—l,k_|_1 = aOdn,k —+ aldn,k-|—1 —+ a2dn,k-|—2 + ...

Corollary 3 Let D = (d(t),h(t)) be a proper
Riordan Array and let A = {aj};en be the
corresponding A-sequence. Then, if A(t) is
the generating function of the sequence A, we
have:

h(t) = A(th(D)).
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The Catalan triangle

1 O O O O O O
1 1 O O O O O
2 2 1 O O O O
5) 5) 3 1 O O O
14 14 9 4 1 O O
42 42 28 14 5 1 O
132 132 90 48 20 6 1
7

429 429 297 165 75 27
1430 1430 1001 572 275 110 35

1l —-—+v/1—-4¢
2t

d(t) = h(t) =

0O r O O O O O O O
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The Motzkin triangle

O 0 00O
O 0 00O
O 0 00O
O 0 00O
O 0 00O
1 0 0 0O
O 1 00O
6 01 00

36 25 6 7 0 10

O
232 233 165 106 50 33 7 8 0 1
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T he modified Stirling triangle

(first kind)
1T 0 0O O O O 0O 0 O]
o 1 0 O O O 0 0 O
01/2 1 0 0O O 0 0 O
01/3 1. 1 0 O 0 0 O
0 1/4 3 3/2 1 0 0 0 O
0 1/55/6 7/4 2 1 0 0 O
0 1/6 3L ¥ L 5/2 1 0 0
0 1/7 {5 2 7/2 2 3 1 0
363 469 967 35 23
0 1/8 565 240 240 6 4 (/2 1]
k! Tn 1 1
d, . = — Di=1(1,—In :
mk [k] ! < l 1—t)
yey 1 1 5 1 4
A p— :1 — S N — o o e
W)= Tyt oY oY T
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O O O O O oo o

A(y) =

T he modified Stirling triangle
(second kind)

0 O 0 0 0 ©
1 O 0 0 0 ©
1/2 1 0 0 0 O
1/6 1 1 0 0 o0
1/24 & 3/2 1 0 O
™ 1/4 5/4 2 1 0
oI5 ek 3/4 B 52 1
soa5 1/40 {55 5/3 10/3 3

40350 20160 160 80 2© a4 7
et —1

k! (n
An ke = E{k} D2 = (1’

Yy
In(1 + )

t

14+ y——y2—|—

12

)

R O O O O O O O
R O O O O O O O O

/2

|_\
@
.[;

720
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The Z-sequence

Theorem 4 If {d, .}, keN IS @ proper Riordan
Array then a unique sequence Z = {zg,21,22,-- -}
there exists such that

dn-l—l,o — ZOdn,O —+ zldn,l -+ szn,Q + ...

Theorem 5 Let (d(t),h(t)) be a proper Rior-
dan Array and let Z(t) be the generating func-
tion of the Z-sequence. Then we have:

do

) = Tz

19



Lattice paths and Riordan Arrays

€ née’ ne’ ne’

I~ ne n'e| n'e

ne| fe ne | n'e

@ ninm N
nw | rfw | nw

@ (b)

The arrays corresponding to paths with steps (0, 1),
(1,0) and i) (1,2),ii) (1,3), iii) (2,1), iv) (3,1) respec-
tively.

nkl 0 12 3 4 nk 0 12 34
01 01
111 111
21321 o 22 2 1 0
319731 . 365 31 ®
41312412 4 1 411916 9 4 1

(i) (ii)
nk 0 12 3 4 nklo 1 2 3 4
Ol 01 ®¢ O O O
11 1 111
23 31 ¢ 0 o 212 2 1 o O O O
319 9 5 1 *° 36 6 41 e o0
43131197 1~ 41919136 1 © ° @ e

(iii) (iv)



GENERATING TREES

In D. Merlini and M. C. Verri. Generating trees and
proper Riordan Arrays. Discrete Mathematics, 218: 167—
183, 2000 it is shown that a particular subset
of generating trees has a correspondence with
some proper Riordan array.

DEFINITION An infinite matrix {d, x}n keN iS
associated to a generating tree with root (c¢)
(AGT matrix for short) if d,, ;, is the number of
nodes at level n with label k£ 4 c.

Under suitable conditions, this matrix corre-

sponds to a proper Riordan Array, and vice
versa.

root . (2)
rule: (k) —(k)(k+1)

This corresponds to the Pascal triangle.
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Monomer-dimer tiling

Let d,, ;, denotes the number of tilings of a 2xn
strip by means of monomers and dimers con-
taining exactly 2k monomers.

n=1
n=2
[ 1 O O O O 0 0]
1 1 0 0O O o0 0 O
2 1 0 O O 0 O
3 11 7 1 0 0 0 O
5 26 29 10 1 0 O O
8 56 94 56 13 1 0 O
13 114 263 234 92 16 1 O
21 223 667 815 473 137 19 1
1 (141

d(t) = h(t)

1 —t—1t2 :(1—t)(1—t—t2)
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Hybrid trees

Three {a,n} binary trees which are equivalent for the
associative property. The first is the representative of

AE

Let S, be the number of hybrid trees with n
internal nodes, with k letters a orn (1 <k <
n) before the leftmost e in the corresponding

codeword.

the equivalence class.

An associative node

Let ¢, be the number of words of length m :
Tk = Spk/cr is @ Riordan array.
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The triangle for hybrid trees

1 O O O O O O
1 O O O O O

7 1 O O O O
31 18 6 1 O O O
154 90 33 3 1 O O
820 481 185 52 10 1 O
1

4575 2690 1065 324 75 12
26398 15547 6276 2006 515 102 14

14t
Alt) = 1—t—1¢2
2(t) — 24t

1 —t—¢2
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A model for a printer

Let C,, e be the number of schedules of length
n with k jobs' requests at the first time slot;
then we have:

Cnt1,k+1 = Cnk T 2Ch k+1 + 2041 k42 1 - -
and

Cnt+1,1 =201 +2C412+ -+,

that is, {C, k}n r represents a proper Riordan
Array having A-sequence A = {1,2, 2,...} and
Z-sequence Z = {2,2,...}.
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The triangle for the model

1806 1412 714 264 70 12
8558 6752 3534 1408 430 96 14

1 O O O O O O O
2 1 0 O O O O O
6 1 O O O O O
16 6 1 O O O O

90 68 30 3 1 O 0 O
394 304 146 48 10 1 O O
1 O

1

1—t—/1— 6t ¢2
2t
1+t

AW =T

d(t) = h(t) =
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