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Abstract

We consider some Riordan arrays related to binary words avoiding a pattern which can
be easily studied by means of an A-matriz rather than their A-sequence. Both concepts
allow us to define every element as a linear combination of other elements in the array; the
A-sequence is unique while the A-matrix is not. However, for the problems considered in the
present paper, we show that the A-matrix approach is more convenient. We provide explicit
algebraic generating functions for these Riordan arrays and obtain many statistics on the
corresponding languages.

1 Introduction

Recently, Baccherini, Merlini and Sprugnoli [1] have studied the relation between binary words
excluding a pattern and proper Riordan arrays. In particular, they have proved necessary and
sufficient conditions under which the number of words, counted with respect to the number of
zeroes and ones, is related to proper Riordan arrays. This problem is interesting in the context
of the Riordan arrays theory because the matrices which here arise are naturally defined by
recurrence relations following the characterization given in Merlini, Rogers, Sprugnoli and Verri
[6]. Some history is necessary at this point.

The concept of a Riordan array was introduced in 1991 by Shapiro, Getu, Woan and Woodson
[8], with the aim of defining a class of infinite lower triangular arrays with properties analogous
to those of the Pascal triangle. This concept was successively studied by Sprugnoli [9] in the
context of the computation of combinatorial sums. In these papers, Riordan arrays correspond
to matrices where each element d,, j, is described by a linear combination of the elements in the
previous row, starting from the previous column. The coefficients of this linear combination are
independent of n and k and constitute a specific sequence called the A-sequence of the Riordan
array. Later, several new characterizations of Riordan arrays were given in [6]: the main result
in that paper shows that a lower triangular array d, j is Riordan whenever its generic element
dp+1,k+1 linearly depends on the elements d, s lying in a well-defined, but large zone of the array.
The coefficients of this dependence constitute the so-called A-matrix and are illustrated in Figure
1.1. There is no difference between Riordan arrays defined in either way: the A-sequence is a
particular case of A-matrix and, given a Riordan array defined by an A-matrix, this corresponds
to a well defined A-sequence.
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Figure 1.1: The zones which d,,;1 x4+1 can depend on.

However, there are some examples in which a Riordan array can be easily studied by means
of the A-matrix while the A-sequence is very complex. This is just the case for the problem
studied in [1]. From a combinatorial point of view, this means that it is very challenging to
find a construction allowing to obtain objects of size n + 1 from objects of size n. Instead, the
existence of a simple A-matrix corresponds to a possible construction from objects of different
sizes less than n + 1.

The aim of this paper is to re-consider from an algebraic point of view some cases of the
problem studied in [1]. In particular, we show that when the pattern to avoid has a particular
shape, then the Riordan array under consideration can be explicitly defined in terms of its
generating functions. In all these cases, we have a simple A-matrix, while the corresponding
A-sequence is (in general) very complicated. We give many examples of languages avoiding
some pattern, which can be described by Riordan arrays of this type. The involved generating
functions are all algebraic and allow us to find many statistics on the corresponding languages.

2 Riordan arrays for Riordan patterns

In this paper we are interested in studying binary words excluding a given pattern p = pg...pp_1 €
{0,1}". In particular, if F ip;c denotes the number of words excluding the pattern and having n
bits 1 and k bits 0, then by using the results in Baccherini, Merlini, Sprugnoli [2] we have

clvl(z,
F[P] (l‘,y) — Z Fr[f;cxnyk _ ( y) m— (21)
n,k>0 (1 — T — y)C[P] (:C, y) + xz™My"o
where n[lp] and n([)p} correspond to the number of ones and zeroes in the pattern and Cl (x,y)

is the autocorrelation polynomial with coefficients given by the autocorrelation vector (see also
[3, 4, 7]). For a given p, this vector of bits ¢ = (co, ..., cn—1) can be defined in terms of Iverson’s
bracket notation (for a predicate P, the expression [P] has value 1 if P is true and 0 otherwise)
as follows:

¢; = [pop1 -+ Ph—1-i = PiPit1 - Pa—1]-



0 0 1 1 Tails
0 0 1 1 1
1 0 0 1|1 0
1 1 0 01 1 0
1 1 0(0 1 1 0
1 110 0 1 1 1
111 0 0 1 1 1

Table 2.1: The autocorrelation vector for p = 110011.

In other words, the bit ¢; is determined by shifting p right by ¢ positions and setting ¢; = 1
if and only if the remaining letters match the original. For example, when p = 110011 the
autocorrelation vector is ¢ = (1,0,0,0,1,1), as illustrated in Table 2.1, and CFl(z,y) = 1 +
x2y? + x3y?, that is, we mark with x7y’ the tails of the pattern with j bits 1, i bits 0 and
¢j+i = 1. Therefore, in this case we have:

14 2%y? + 23y?

FPey) = (1 =z —y)(1+a2y? +a3y?) + iy’
n/k|0 1 2 3 4 5 6 T
0111 1 1 1 1 1
1123 4 5 6 7 8
2 {13 6 10 15 21 28 36
3 /1410 20 35 5 84 120
4|1 5 14 33 67 122 205 324
5 11 6 19 50 114 232 432 750
6 |1 7 25 72 181 404 822 1552
7 |1 8 32 100 273 660 1451 2952

Table 2.2: The matrix F¥ for p = 110011

n/k| 0O 1 2 3 4 5 6 7
1
2 1
6 1
10 4 1

67 33 14 5 1

232 114 50 19 6 1

822 404 181 72 25 T 1
2952 1451 660 272 100 32 8 1
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Table 2.3: The triangle RIP! for p = 110011



n/k| 0 1 2 3 4 5 6 7
1
2 1
6 1
10 4 1

67 35 15 5 1

232 122 56 21 6 1

822 432 205 84 28 7 1
2952 1552 750 324 120 36 8 1
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Table 2.4: The triangle R for p = 001100

In order to study the binary words avoiding a pattern in terms of Riordan arrays, we consider
the array RIPl = (Rgf]k) given by the lower triangular part of the array FF¥ = (Fr[lp;g), that is,

R}f]k — pl r With & < n. More precisely, Rv[f]k counts the number of words avoiding p and

n,n—

having length 2n — k, n bits one and n — k bits zero. Given a pattern p = pg...pr_1 € {0, 1}h,

let p = pg...pr_1 be the pattern with p; = 1 — p;,Vi = 0,--- ,h — 1. We obviously have
n,k n,n—k

n—k,n’

therefore, the matrices R and R represent the lower and upper
triangular part of the array F¥, respectively. Moreover, we have Rﬁ }0 = RET ]0 = E%, Vn € N,
that is, columns zero of RIPFl and RIP correspond to the main diagonal of F¥/. Tables 2.2, 2.3

and 2.4 illustrate some rows for the matrices F¥, RIFl and R when p = 110011.
We briefly recall that a Riordan array is an infinite lower triangular array (dy, x)n ken, defined
by a pair of formal power series (d(t),h(t)), such that d(0) # 0,h(0) = 0,h'(0) # 0 and the

generic element d,, ; is the n-th coefficient in the series d(t)h(t)*, i.e.:
dnx = [t"]d(t)(th(t)*,  n,k>0.

From this definition we have d,, ; = 0 for £ > n. An alternative definition, is in terms of the
so-called A-sequence and Z-sequence, with generating functions A(t) and Z(t) satisfying the
relations:

do
dit) = ———————
®) 1—tZ(h(t))
Another characterization states that a lower triangular array (dy k)n ken is Riordan if and only
if there exist another array (a; ;)i jen, with oo # 0, and a sequence (p;);en such that:

dnpijsr = DY Qijdn_ikij+ > _pidniikrjra: (2.2)
i>05>0 >0

h(t) = tA(h(t)), with do = d(0).

Figure 1.1 gives a graphical representation of this kind of dependence. Matrix (v ;); jen is called
the A-matrix of the Riordan array. If PlO(t), Pl (¢), PRl(#), ... denote the generating functions
of rows 0,1,2,... in the A-matrix, i.e.:

P[l] (t) = o0+ Oéi71t + 011'72752 + Oéi73t3 —+ ...
and Q(t) is the generating function for the sequence (p;);en, then we have:

"0 _ smepina + "L o). 23)

‘ t
>0



Another important property of Riordan array concerns the computation of combinatorial
sums. In particular we have the following result (see Sprugnoli [9]):

S dui = [9A(2) 7 (A1) (24)
k=0

that is, every combinatorial sum involving a Riordan array can be computed by extracting the
coefficient of ¢ from the generating function d(t) f(h(t)) where f(t) is the generating function of
the sequence (fi)ren. The complete theory of Riordan arrays and the proofs of their properties
can be found in [5, 6].

Coming back to our original problem, Baccherini, Merlini, Sprugnoli [2] have proved neces-
sary and sufficient conditions under which the matrices RI*! and RIP! are Riordan arrays. In this

paper, we are interested to examine into details the case when both R[P and R are Riordan
arrays. To this purpose, we introduce the following definition:

Definition 2.1 (Riordan pattern) We say thatp = po...pp—1 is a Riordan pattern if and only
if
L(h=1)/2]
CPl(z,y) = CWl(y,2) = Z coi’yt,  and ]n[lp] - n([)p]\ € {0,1}.
i=0
For example, the pattern p = 110011 introduced in Section 2 is not a Riordan pattern. We prove
the following result:

Theorem 2.2 The matrices R and RI¥ are both Riordan arrays RW = (dFl(t), hlFl(t)) and
RV = (dF)(t), hlPl(t)) if and only if p is a Riordan pattern. Moreover we have:

=i ()= fr ()

F_l . F_l ) F_l . p_l i
L= ittt — \/ (1 =202y it )2 — 430 ot (302 it 41
_ ol '
230 asatt 1)

hlPl(t)

where 0; ; is the Kronecker delta,

n?—l nﬁ—l .
E Oé@ofz = g Cgitz — 5_17’18_"'; tnl_I’
=0 1=0
n?—l nﬁ—l .
% 7 nt —1
E ajt = — E Co(i+1)t *5o7ng_ngt T
=0 1=0
n‘ifl n'ifl .
i 7 ny—1
E Oéi,gt = E Cg(i+1)t — 51,ngfn§t -,
i=0 =0

and the coefficients ¢; are given by the autocorrelation vector of p. An analogous formula holds

for hIPl(t).



Proof: The proof follows directly from [1, Theorem 3.1] and consists in extracting the coeffi-
cients

[Ty ((1 —z—y)CPl(z,y) + w"'iy”?’) FlFl(z,y) = [a" O (2, y)

and then putting le]k = 7[:,,11—k = [z"y" *]F)(z,y). We thus obtain:
[¥] — pll [p] [p]
Ryt er = B T Byl o — Rn+1_n§ e 14mP —n? T

(0] [p] [p]
- Z €2i <Rn+1—i,kz+1 R, Rn+1—i,k+2)
i>1

and the formula for hlPl(t) follows from equation (2.3) with PU(t) = a;0 + a1t + a;ot? and
Q(t) = 1. For what concerns dlP!(t), we simply use the Cauchy formula for finding the main
diagonal of matrix F¥! (see, e.g., [10, Chap. 6, p. 182]). |

Figure 2.2: The A-matrix corresponding to a Riordan pattern: the coefficients in the gray

circles are negative, s = 2n§’, q = 2(71’1J — 1). Moreover, we have to consider the contribution of

_ pl¥l
n+l-nb k+1+nd—nb"

As a direct consequence of the previous theorem we have:

Corollary 2.3 Let p be a Riordan pattern. Then the Riordan array R’ is characterized by the
A-matriz defined by the following relation:

[p] _ plp] [p] [p]
Rn+1,k+1 - Rn,k + Rn+1,k+2 a Rn+1—n§,k+1+ng—n§+

(] (] [p]
- Z €2i (Rn+1—i,k+1 R Rn+l—i,k+2) )
i>1

where the coefficients ¢; are given by the autocorrelation vector of p.



Figure 2.2, gives a graphical representation of the A-matrix: in particular, s = 2nf, q= Z(n'i' —1)
and the coefficients in the gray circles have to be taken as negative while the coefficients in the

white circles have to be taken as positive. Moreover we have to consider the contribution of
(]
n+1-nf k+1+nd—nb"
By specializing Theorem 2.2 to the cases |[nf—nf| € {0, 1} and setting CW¥(¢) = CWP(v/1, V1) =

Zizo co:it’, we have the following corollaries:

Corollary 2.4 Let p be a Riordan pattern with nf — ng = 1. Then we have:

V(1) = CP(t) 7

\/C[p] (t)2 — 4tCWI (¢) (CIPI (¢) — £70)

cll(t) — \/c[p] (t)2 — 4tCW(t) (CWI(¢) — t70)
N 201 (1) '

Proof: From Theorem 2.2 we have

t 1 t\ dx
Pl(4) = [0 Flb] )= — ¢ FWl Bl i
dPi(t) = [27] (wx> 2772% (wx> "
p

and when n] — ng =1 we obtain:

1o <x7 3) _ ;CM (t) .
r T 22(CF(t) — tm0) — zCPl(t) 4 tCPl(t)

In order to compute the integral, it is necessary to find the singularities 2:(¢) such that x(¢) — 0
with ¢ — 0 and apply the Residue theorem. We have two singularities (z1(t) corresponds to the
plus sign and x3(t) to the minus):

v (t) \/(j[p} (t)2 — 4tCWPI(t)(CPI(t) — tn’é)

210(t) = 2(CII(t) — )
and Ly <x ¢ > . — ol ()
= ‘z) (OFI(E) — t70) (z — 21 (1)) (2 — aa(t))
Therefore, we have:
Pl(¢) = lim Lt xz T - oo
) = Jim ZF ( fﬂ) o) = (CIPI(E) = 170) (a1 (1) = 2(1))

and, after some simplification, we obtain the formula in the statement. The expression for hlP! (t)
follows directly from Theorem 2.2, by specializing the Kronecker deltas. |

For example, when p = 11100 we have the Riordan array defined by the following functions:

1— V1 —4t+ 483
2

1
d[P] t) = —, h[p} t) =
®) V1 — 4t + 4¢3 ®)

and illustrated in Table (2.5). As another example, the triangle in Table (2.6) corresponds to




S
o

192 96 44 18 6 1
650 325 151 64 24 7 1
2232 1116 524 288 90 31 8 1

N O TR W NN~ O
—_
0.¢]

Table 2.5: The triangle for p = 11100

n/k 1 2 3 4 567

70 35 16 1
192 96 45 19 8 2
534 267 126 56 22 9

N STt W N - O
[\)
D
—_
w

Table 2.6: The triangle for p = 101

p = 101 and to the functions:

V1= 32
(1) = $’ () = l+t—v1—2t—3%
V1—2t— 3t 2(1+1)

We observe that in Tables 2.5 and 2.6 every element in column 0, except the first one, is twice
the value in column 1. In fact we have the following result:

Theorem 2.5 Let p be a Riordan pattern with n¥ — nS = 1. Then the Riordan array R

satisfies the following relation:
Rﬂl,e = 2R£ﬂr1,1'

Proof: The relation can be found by observing that by Corollary 2.4 we have

dPl() -1
hlvl(t)

The proof of Corollaries 2.6 and 2.7 can be done similarly to Corollary 2.4.
Corollary 2.6 Let p be a Riordan pattern with n'{' — ng = 0. Then we have:

P (1) — Cll(t) |

V(CBI() + tm8)2 — atClvl(1)2




CI() + 175 — \/(CIPI(2) + 1782 — a¢CIo) (12
20 (t) '

hlFl(t) =

Corollary 2.7 Let p be a Riordan pattern with ng — n'f = 1. Then we have:

V(1) — Cll(t) ,
\/ Cll(1)2 — 4t () (Cl¥(£) — 1)

Cll(¢) — \/ CI¥l (1) — 4¢CW (1) (CW(¢) — ¢70)

Pl(4) =
) 2(CWI(t) —t™)
n/k| 0 1 2 3 4 5 67
1
2 1
5 3 1
8 4 1

46 256 12 5 1

147 79 39 17 6 1

477 256 128 58 23 7 1
1570 841 424 198 83 30 8 1

N O O W N E O
—
(S

Table 2.7: The triangle for p = 0101

For the sake of completeness, the triangle in Table (2.7) corresponds to the pattern p = 0101

and to the functions:

1+t 412 — V1 — 26— 52 — 263 + t*
B 2(1+1t) '

APl (t) = 1+¢ hlPl(t)

V1 =2t — 512 — 23 + ¥’

n/k| 0 1 2 3 4 5 6 7
1
2 1
6 1
10 4 1

o8 32 16 5 1

192 106 52 21 6 1

650 357 180 79 28 7 1
2232 1222 624 288 114 36 8 1

N OO W NN~ O
—_
oo

Table 2.8: The triangle for p = 00011

Finally, for p = 00011 we have the triangle illustrated in Table (2.8) and the functions:

1 1— /1 — 4t 1 4¢3
— ) = )
V1 — 4t + 4t3 Q 2(1—12)

pitd (t) =



As we pointed out in the Introduction, the Riordan arrays studied in this paper are charac-
terized by a complex A-sequence. In fact, the generating function A(t) of this sequence can be
found from the relation h(t) = tA(h(t)), and, due to Theorem 2.2, we can expect, in general, a
complex solution. For example, for the Riordan array in Table 2.8, corresponding to p = 00011,

we find after setting R(t) = v/1 4 4t* — 4¢3:

(265 —t2—t—1— (2 +t+1)R()) (2t3 —V2./2t6 + 8t — 1263 +4 — (4 - 4t3)R(t))
8tA(t— 1)(t+ 1)

A(t) =

= 1ttt 012t 18 104510 1 412 16813 — 14 815 157416 8317 - 15¢ 18 419710+ O (¢20).

Fortunately, for Riordan patterns, we have always a simple A-matrix, as we proved in Corollary
2.3. For example, in the case p = 00011, we have R1[f—]|-1 kil = le]k + R[ﬂrl k2 — Rif]_Q i
Up to this moment, we gave specific examples. In some cases, we can find general formulas

relative to whole classes of patterns:
Theorem 2.8 For p = 17710/ we have the Riordan array:

1 1— V1 -4t + 4771

dPl () = . R = :
W= arw TV ;
for p = 0119 we have the Riordan array:
1 1— V1 —4t+ 45+
d¥(¢) = A = e
V1 — 4t + 4741 2(1-1)
for p = 1907 we have the Riordan array:
1 1+t — V1 — 4t + 200 + 12
AW () = () = 2 v + 2+

V1—4t+ 260 + % 2 ’

for p = (10)/1 we have the Riordan array:

. . N2
w J_gti— \/1—22J0t1—3< Loth)
dlPl(t) = i=0 . WPl = .

\/ 1—2Y) ti—3 (ZLO ti)Q 25T 8

We conclude this extended abstract, by observing that by formula (2.4) and Corollaries 2.4,
2.6 and 2.7 we can compute many statistics on the languages considered in the present paper.
For example we have for fr =1 and f, =k :

[l (¢
B d7<>

) _ (g APOAN(D)
Z kRY, = = W)

In some cases these coefficients can be extracted as exact formulas; in other cases, we can
compute an asymptotic approximation of the coefficients.

10



The problems considered in this paper have a natural combinatorial interpretation in terms
of lattice paths where a 1 corresponds to a north-east step and a 0 to a south-east step. These
paths start from the origin and avoid the sub-path corresponding to the pattern. For example,
let us consider the case p = 1302. In the lattice path interpretation REJ ]k counts the number of
paths avoiding p, having length 2n — k and with n north-east steps. Then, by using formula
(2.4) and the first case of Theorem 2.8 with j = 2, we can compute the following statistic:

n 49 (¢
Z RE]anfk _ 2n[tn]17([)] _
= 1 — 5htri(t)
= 2"[t"] 4 =

V1 — 4t + 443 (3 + V1 —4t —|—4t3>

5 31 189 1223 8117
=2t (14 ot + 82+ — 83+ ="t 4+ —— > + O(4"
H<+2+4 PRttt tp oW
This statistic has a nice combinatorial interpretation: it counts the number of paths, avoiding
the sub-path p = 1202, of length between n and 2n, having n north-east steps and having the
south-east steps of two different colours. With the help of Maple, we can find an asymptotic
approximation of the coefficients by observing that the polynomial 1 — 4t + 4¢3 has the following

three real roots:
2 1 1
T = g\/ﬁs ~ 0.83756, xo= —5\/55 —q~—110715, 23 =—3V35+q~ 026959

where

1 \/3\/? T . 1 \/gx/ﬁ s
S = CoS —garctan 9 +§ , g =sIn —garctan 9 +§ .

Therefore, by developing the above generating function around its minimal modulo singularity
x3 and taking the first term, we have:

= 4y 1
S RPL 2 2] V3 -
k=0

9\/ s \/ (1-%)

43 1 (2 1\" 2

_ —‘/§_n< ”) <—> - 1.45198( n>(1.85463)”.
9,/ (V3s—a)q 2"\ n T3 K

5(V/3s+3q)

For example, for n = 50 the exact value is 0.3793008365 - 10*® against an approximate value of
0.3791140086 - 1043, with a relative error of the 0.05%.
Many other statistics on the languages on {0, 1} avoiding a Riordan pattern can be found

similarly.

11
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