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Soluzione esercizi assegnati tratti da Casella e Berger

6.1 By the Factorization Theorem, | X| is sufficient because the pdf of X is
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6.2 By the Factorization Theorem, T(X) = min;(X;/7) is sufficient because the joint pdf is
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Notice, we use the fact that ¢ > 0, and the fact that all z;s > 8 if and only if min;(x;/?) > 8.
6.3 Let z(¢;y = min; z;. Then the joint pdf is
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Thus, by the Factorization Theorem, (X(l), o Xi) is a sufficient statistic for (p, o).

6.17 The population pmfis f(z|f) = 6(1—6)*~1 = 2;el°2(1=92 ap exponential family with ¢(z) =
z. Thus, >, X; is a complete, sufficient statistic by Theorems 6.2.10 and 6.2.25. > . X; — n ~
negative binomial(n, &).

6.32 In the Formal Likelihood Principle, take £y = E; = E. Then the conclusion is Ev(E, zq) =
Ev(E, zo) if L{#|z1)/L(#|z2) = c. Thus evidence is equal whenever the likelihood functions are

equal, and this follows from Formal Sufficiency and Conditionality.

6.35 Let 1 = success and 0 = failure. The four sample points are {0, 10,110, 111}. From the likelihood
principle, inference about p is only through L{p|x). The values of the likelihood are 1, p, p°,
and p®, and the sample size does not directly influence the inference.



7.6 a. f(x]0) =], 93:2-_21[9,00) (#5) = ( 233;2) 07119 ooy (2(1)). Thus, X(qy is a sufficient statistic for
& by the Factorization Theorem.
b. L{#lx) = 0" (T]; 272 Ljg.c0)(z1y). #" is increasing in 8. The second term does not involve 6.
So to maximize L(#[x), we want to make & as large as possible. But because of the indicator
function, L(#]x) =0 if 8 > z(yy. Thus, = By
c. BEX = feoo fzldr =20 logz|;” = oc. Thus the method of moments estimator of & does not
exist. (This is the Pareto distribution with o = 8, 2 = 1.)

7.9 This i¢ a uniform(0,#) model. So EX = (04 8)/2 = 8/2. The method of moments estimator
is the solution to the equation 9/2 = X, that is, # = 2X. Because § is a simple function of the
sample mean, its mean and variance are easy to calculate. We have
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The likelihood function is
1
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where z(1y and () are the smallest and largest order statistics. For 8 > x(,), L = 1/6", a
decreasing function. So for & > z(,y, L is maximized at 6 = Tny. L =0 for § < xz(,). So the
overall maximum, the MLE, is H = X(n)- The pdf of § = Xp) 1s nz™ 1 /6", 0 < z < #. This

can be used to calculate
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6 iz an unbiased estimator of &; 8 is a biased estimator. If n is large, the bias is not large
because n/(n + 1) is close to one. But if n is small, the bias is quite large. On the other hand,
Vard < Var8 for all . So, if n is large, b is probably preferable to 8.

7.11 a.

a—1
fxl9) = IWﬁ*—: W(D@J = L)

di;logL = %{nlog@—l—@—l)loggzi] = %—l—zi:logzi.

Set the derivative equal to zero and solve for @ to obtain & — (—L > ;logz;)~L. The second
derivative is —n/6% < 0, so this is the MLE. To calculate the variance of é, note that
Y; = —log X; ~ exponential(1/8), so — > log X; ~ gamma(n, 1/8). Thus 4= n/T, where
T ~ gamma(n, 1/8). We can either calculate the first and second moments directly, or use
the fact that & is inverted gamma (page 51). We have
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and thus
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9 and Varf = 82 —0asn — oo.
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b. Because X ~ beta(8,1), EX = /(8 + 1) and the method of moments estimator is the

solution to
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7.12 X; ~iid Bernoulli(f), 0 < 6 < 1/2.

a. method of moments:
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MLE: In Example 7.2.7, we showed that L(#|x) is increasing for # < ¥ and is decreasing
for # > x. Remember that 0 < # < 1/2 in this exercise. Therefore, when X < 1/2, X is
the MLE of 8, because X is the overall maximum of L(#]x). When X > 1/2, L{f[x) is an

increasing function of 8 on [0,1/2] and obtains its maximum at the upper bound of & which
is 1/2. So the MLE is § = min {X,1/2}.
b. The MSE of 4 is MSE(Q) Varf + bias(9)2 = (8(1 — 6)/n) + 02 = 0(1 — §)/n. There is no

simple formula for MSE(Q), but an expression is
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where Y = 7. X; ~ binomial(r,8) and [n/2] = n/2, if n is even, and [n/2] = (n—1)/2, if
n is odd.

c¢. Using the notation used in (b), we have

MSE(8) = i (— - 9) (’;‘) gu(1 — 8)"v.
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Therefore,
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The facts that ¥/n > 1/2 in the sum and & < 1/2 imply that every term in the sum is positive.
Therefore MSE(#) < MSE(#) for every € in 0 < 8 < 1/2. (Note: MSE(8) = MSE(f) = 0 at
6 =0)



8.1

8.2

Let X = # of heads out of 1000. If the coin is fair, then X ~ binomial(1000,1/2). So
1000 e n—x
1000 1 1
P(X = 560) = - - /2 0000825
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where a computer was uged to do the calculation. For this binomial, EX = 1000p = 500 and
Var X = 1000p(1 — p) = 250. A normal approximation is also very good for this calculation.

X — 500 . 559.5-500
V230 4/250

Thus, if the coin is fair, the probability of obgerving 560 or more heads cut of 1000 is very
small. We might tend to believe that the coin iz not fair, and p > 1/2.

P{X > 560} = P{ } ~ P{Z > 3.763) ~ .0000839.

Let X ~ Poisson(A), and we obsgerved X = 10. To assess if the accident rate has dropped, we
could calculate
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This is a fairly large value, not overwhelming evidence that the accident rate has dropped. (A
normal approximation with continuity correction gives a value of .12264.)

812 a. For Hy: pp < Q0 wvs. Hy: p > 0 the LRT is to reject Hy if 2 > co/+/n (Example 8.3.3). For

a = .05 take ¢ = 1.645. The power function is

Blp) =P (f;‘% > L645—— %) —p (Z 55 1.645—@) .

Note that the power will equal .5 when g = 1.6450/+/n.

b. For Hy: p=0vs. Hy: pp # 0 the LRT is to reject Hp if |Z| > co/+/n (Example 8.2.2). For
a = .05 take ¢ = 1.96. The power function is

Bp) = P (=1.96 — Vap/o < Z < 1.96 4+ vup/a) .

In this case, u = +1.96a/+/n gives power of approximately .5.



